Supersymmetric D3 brane and N=4 SYM actions in plane wave backgrounds by Metsaev, R. R.
ar
X
iv
:h
ep
-th
/0
21
11
78
v3
  2
 M
ar
 2
00
3
FIAN/TD/02-05
hep-th/0211178
Supersymmetric D3 brane and N = 4 SYM actions
in plane wave backgrounds
R.R. Metsaev∗
Department of Theoretical Physics, P.N. Lebedev Physical Institute,
Leninsky prospect 53, Moscow 119991, Russia
Abstract
The explicit (all-order in fermions) form of the kappa-symmetric D3 brane probe
action was previously found in the two maximally supersymmetric type IIB vacua: flat
space and AdS5 × S5. Here we present the form of the action in the third maximally
supersymmetric type IIB background: gravitational plane wave supported by constant
null 5-form strength. We study D3 brane action in both covariant and light cone kappa
symmetry gauges. Like the fundamental string action, the D3 brane action takes a simple
form once written in the light cone kappa-symmetry gauge. We also consider the N = 4
SYM theory in 4d plane wave background. Since some (super)symmetries of plane wave
SYM action are friendly to (super)symmetries of the type IIB superstring in plane wave
Ramond-Ramond background we suggest this SYM model may be useful in the context
of AdS/CFT duality. We develop the Hamiltonian light cone gauge formulation for this
theory.
∗E-mail: metsaev@lpi.ru
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1 Introduction
Recently, new maximally supersymmetric solution of IIB supergravity with Ramond-
Ramond flux was found [1]. It turns out that the light cone gauge Green-Schwarz super-
string action on this background is quadratic in both bosonic and fermionic superstring 2d
fields, and therefore, this model can be explicitly quantized [2]. On the other hand, in [3]
it was proposed that this superstring in plane wave background corresponds to a certain
(large R-charge) sector of the N = 4 SYM theory. Given that the plane wave superstring
model can be quantized explicitly [2, 4] one can study the duality correspondence between
string states and gauge theory operators at the string-mode level [3]. This new duality [3]
(which can be understood also from the point of view of semiclassical approximation to
the original AdS/CFT setting [5, 6], see for review [7]) turned out to be very fruitful. It
renewed interest in various aspects of string/gauge theory correspondence and triggered
many investigations both on the gauge theory and string theory sides. On the string the-
ory side many new interesting more general solutions to IIA and IIB supergravities were
found and corresponding world-sheet superstring actions were constructed [8]. Remark-
ably simple structure of plane wave background admits also to construct string superfield
theory [9, 10, 11] in plane wave background hence giving first example of string field the-
ory on curved background1. On the gauge theory side various matrix models techniques
were developed and applied to the study of new duality [20, 21, 22].
According to the idea of string/gauge theory duality each state of string theory can be
associated to some operator of gauge theory [23]. For the case of the type IIB superstring
on AdS5× S5 Ramond-Ramond background the dual theory should be N = 4 supersym-
metric Yang-Mill theory (SYM) “living” at the boundary of AdS5 [24]. This boundary
can be taken to be flat Minkowski space time or any space-time which is obtainable from
the Minkowski space-time by a conformal transformation. All such theories have the
same global conformal supersymmetries generated by the psu(2, 2|4) superalgebra which
on the string theory side is realized as the algebra of super-isometries of the AdS+RR
background. Thus in the case of the AdS string we have the same superalgebra in the
bulk and at the boundary.
Now let us turn to the plane-wave version (or “limit”) of the superstring - gauge
theory duality. Here we still deal with (a sector of) the N = 4 SYM, (as it is this
theory that we want to study), i.e. on the gauge theory side we have again psu(2, 2|4)
as defining superconformal algebra. In contrast to the original AdS string case, however,
this superalgebra no longer coincides with the algebra of global symmetries of the plane
wave background, i.e. the plane wave superstring and the N = 4 SYM have different
algebras of global symmetries.2 One may argue that this is not surprising since we should
restrict our attention only to a particular sector of (large R-charge) states of SYM theory
on which a smaller symmetry may be acting.
1Surprisingly the plane wave superstring field theory can be successfully used for a study of new
string/gauge theory duality [12]. Discussion of Penrose limit and plane wave duality for AdS5×T 1,1 and
various orbifolds like AdS5 × S5/ZN may be found in [13],[14]. Non-supersymmetric 0B theories and
theories with N = 1, 2 supersymmetries were studied [15] and [16]. Plane wave duality for ads3 × s3 and
for various gauge theories in six dimensions were investigated in [17],[18]. Study of strings in RR plane
wave background at finite temperature is given in [19].
2Indeed, the symmetry superalgebra of plane wave superstring is obtainable from psu(2, 2|4) superal-
gebra via a contraction procedure [25]. Interesting discussion of this contraction procedure at the level
of oscillator construction may be found in [26].
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Still, it is reasonable, and this is what we are going to do in this paper, to look for
a subset of symmetries in the plane wave superstring and SYM theories which can be
matched. Here by matching the symmetries we simply mean a coincidence of commuta-
tion relations of the symmetry generators on the string theory side and the appropriate
generators on the SYM side. It seems very likely that in order to increase the number of
matching symmetries as much as possible we should consider the SYM theory not in flat
but in a 4d plane wave background. Another attractive feature of plane wave SYM is a
discrete spectrum of the light cone energy operator. As is well known spectrum of the light
cone energy operator of plane wave superstring is also discrete [4]. Therefore is it natural
to expect that it is the plane wave SYM theory that is most appropriate for establishing
a precise correspondence with plane wave superstring3. This is our motivation for the
study of N = 4 SYM theory in plane wave background.
Another closely related theme of this paper is the structure of D3 brane action in plane
wave Ramond-Ramond background. Our interest in the form of the D3 brane action is
due to the following reasons. First, as is well known, the action for a D3 brane probe in
plane wave background respects the same symmetries as the plane wave superstring, and
after imposing appropriate kappa symmetry gauge and static gauges to be discussed below
the quadratic part of the D3 brane action describes the abelian N = 4 SYM multiplet
propagating in 4d plane wave background. In this quadratic approximation some of the
original symmetries of the 10d plane wave become broken. In other words, the study of
the D3 brane action suggests a natural way how to formulate the plane wave SYM theory.
The second reason for our interest in D3 brane action is related to the desire to
apply the supercoset method developed in [28, 29] (see also [30]) to the study of the
D3 brane dynamics. The low-energy action of a probe D-brane in a curved type II
supergravity background is given by a superspace generalization of the sum of the Born-
Infeld action and a Wess-Zumino type term (similar in form to the curved superspace
version of the Green-Schwarz string action [31]). While the formal expression for such
an action in a generic on-shell type II supergravity background is known [32, 33, 34], its
explicit component form is hard to determine (explicit solution of superspace constraints
is not known in general). Resorting to expansion in powers of fermions it is cumbersome to
go much far beyond terms quadratic in the fermions (see [35, 36]). There are, however, a
few exceptional cases where there is a lot of symmetry allowing one to explicitly determine
the full structure of the supervielbeins and field strengths, and thus the form of the D-
brane actions to all orders in the fermions. The two previously studied cases are the
maximally supersymmetric flat space [33] and the AdS5 × S5 background [29]. Here we
shall find the explicit form of the D3 brane action4 in the third maximally supersymmetric
type IIB background - the symmetric gravitational wave supported by the constant null
5-form strength [1]. Note that alternative way to derive plane wave D3 brane action is
to consider AdS supersymmetric D3 brane action [29] in the Penrose limit. Discussion
of this approach for the bosonic part of various Dp brane actions may be found in [37].
We do not use this approach for the study of supersymmetric D3 brane action because it
34d plane wave background can be obtained via Penrose limit from the space-time R × S3 which is
used for a study of AdS holography. Therefore one can expect that the 4d plane wave background is
most appropriate for the study holographical issues of the new duality. Various discussions of plane wave
holography may be found in [27].
4We shall consider primarily the D3 brane action though similar actions can be found for all other
Dp branes of type IIB theory.
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does not make explicit use of the basic (super)symmetries of the problem.
As in the case of the D3 brane in AdS5×S5 [29], we shall find the explicit form of the
D3 brane action using the supercoset approach [28]. It was already used in [2] in order
to find the complete form of the fundamental GS string in the plane wave background.5
We shall then see that like the fundamental string action [2], the D3 brane action takes
quite simple form when written in the light cone kappa symmetry gauge.6
We shall first determine the form of the action for a generic embedding of a D3 brane
in the plane wave background (i.e. we shall not make a particular choice of a static
gauge). Then we will be able to see explicitly in principle which D3 brane orientations
preserve some parts of supersymmetry (following, e.g., the general approach of [45] and
the analysis [46] of the BPS brane states in the AdS5 × S5 case). A related discussion
of supersymmetry of particular Dp brane probe orientations in plane wave background
appeared in [47, 48].7
In Section 2 we find supersymmetric and κ invariant action of D3 brane in plane wave
Ramond-Ramond background. Most of this section follows closely the same strategy as
was used in the AdS5 × S5 case in [29].
In Section 3 we study covariant κ symmetry gauge and static gauge fixed D3 brane
action. We discuss broken and unbroken symmetries of such brane action.
In Section 4 we discuss light cone kappa symmetry gauge fixed D3 brane action.
In Section 5 we study psu(2, 2|4) superalgebra in various bases. We introduce notion
of plane wave basis of this superalgebra and discuss interrelation of this basis with the
conventional Lorentz basis.
In Section 6 we discuss the covariant and gauge invariant formulation of N = 4 SYM
in plane wave background. We study realization of 32 plane wave supersymmetries of the
psu(2, 2|4) superalgebra in the covariant formulation of SYM theory.
In Section 7 we study the Hamiltonian light cone gauge formulation of plane wave
SYM. We demonstrate that in contrast to covariant and gauge invariant formulation the
3-point and 4-point light cone gauge vertices of plane wave SYM theory takes exactly the
same form as the ones of SYM in flat Minkowski space-time.
Section 8 is devoted to a study of realization of global symmetries of psu(2, 2|4) superal-
gebra on the physical fields. We find field theoretical realization of Noether (super)charges
as generators of the psu(2, 2|4) superalgebra.
In Section 9 we discuss transformation rules of physical fields in the framework of light
cone formulation.
Section 10 summarizes our conclusions and suggests directions for future research.
Our notation and conventions are explained in Appendices A and B. Appendix C
5The supercoset construction turned out to be very effective and fruitful and was used to construct
AdS(3) and AdS(2) superstring actions [38], [39], D1 and D5 brane actions in various super AdS+RR
backgrounds [40], and various AdS supermembrane actions [41]-[43]. Dual D3 AdS brane action in the
framework of supercoset construction were discussed in [44].
6Our expression for the D3 brane action in the fermionic light cone gauge may be of interest also in
the flat-space limit, as it has simpler structure than the corresponding covariant kappa symmetry gauge
action in [33].
7Microscopic open-string approaches to construction of supersymmetric Dp branes in the plane wave
background were developed in [49] (see also [50] for the corresponding discussion of branes in 11d case).
Study ofDp brane interactions in the framework of microscopic approach may be found in [51]. Derivation
of conformal operators which are dual to open strings states ending on D5 branes may be found in [52].
Interesting discussion of realization of Dp brane dynamics in plane wave background is given in [53].
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contains some basic relations for Cartan 1-forms on the coset superspace. Appendix D
contains some additional details about transformation rules of physical fields of plane
wave SYM and generalization to plane wave massless higher spin fields.
2 General form of D3 brane action
The D3 brane action depends on the coset superspace coordinates X = (xν ,Θ) and vector
field strength Fab = ∂aAb − ∂bAa. As in [32, 33, 34], it is given by the sum of the BI and
WZ terms
S =
∫
d4σL , L = LBI + LWZ , (2.1)
where (we set the 3-brane tension to be 1)
LBI = −
√
−det(Gab + Fab) , (2.2)
LWZ = d−1H5 . (2.3)
The induced world-volume metric Gab is (a, b = 0, 1, 2, 9)
Gab = L
µ
aL
µ
b , L
µ(X(σ)) = dσaLµa , (2.4)
where Lµ are Cartan 1-forms (see Appendix C for definition of Cartan 1-forms). The
supersymmetric extension F = 1
2
Fabdσ
a ∧ dσb of the world-volume gauge field strength
2-form dA is found to be 8
F = dA+ 2i
∫ 1
0
dt Lµt ∧Θγ¯µτ3Lt , (2.5)
where Lµt (x,Θ) ≡ Lµ(x, tΘ), Lαt (x,Θ) ≡ Lα(x, tΘ) (we suppressed the spinor indices α in
(2.5)). The Θ-dependent correction term in (2.5) given by the integral over the auxiliary
parameter t is exactly the same 2-form as in the string action [2] (see also [28, 29]9). This
representation corresponds to the specific choice of coset representative made above. Note
that while F is not expressible in terms of Cartan forms only, its exterior derivative is
dF = iL ∧ L̂ ∧ τ3L , L̂αβ ≡ Lµγµαβ . (2.6)
This important formula can be proved my making use of the Maurer-Cartan equations
(C.4) – (C.5) and equations (C.13)–(C.16) from Appendix C. As a result, dF is manifestly
invariant under supersymmetry, and then so is F, provided one defines appropriately the
transformation of A to cancel the exact variation of the second (string WZ) term in (2.5)
(cf. [32, 33]).10
As in flat space [32, 33], the super-invariance of SWZ follows from supersymmetry of
the closed 5-form H5. We shall determine the supersymmetric H5 from the requirement of
8For fermionic coordinates we assume the convention for hermitian conjugation and permutations
rules (θ1θ2)
† = θ†2θ
†
1, θ1θ2 = −θ2θ1, while for fermionic Cartan 1-form we adopt (L1 ∧ L2)† = −L†2 ∧ L†1,
L1 ∧ L2 = L2 ∧ L1. For bosonic Cartan 1-forms we adopt the convention B1 ∧B2 = −B2 ∧B1.
9Discussion of alternative representation for WZ part of GS action may be found in [54]. Various
alternative covariant formulations of plane wave superstring action are given in [55].
10Note that this is the same transformation that is needed to make the superstring action [2] defined
on a disc and coupled to A at the boundary invariant under supersymmetry.
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κ-symmetry of the full action S which fixes this 5-form uniquely. The κ-transformations
are defined by (see (C.9))
δ̂κx
µ = 0 , δ̂κΘ = K , (2.7)
where the transformation parameter satisfies the constraint
ΓK = K , Γ2 = 1 . (2.8)
Here Γ is given by
Γ =
ǫa1...a4√
−det(Gab + Fab)
(
1
4!
γa1...a4τ2 +
1
4
γa1a2Fa3a4τ1 +
1
8
Fa1a2Fa3a4τ2
)
, (2.9)
and we use the notation
γa1...an ≡ L̂[a1 . . . L̂an] , L̂a ≡ Lµaγµ . (2.10)
The corresponding variation of the metric Gab is
δκGab = −2iδ̂κΘ(L̂aLb + L̂bLa) , (2.11)
while the variation of F is given by
δκF = 2iδ̂κΘL̂ ∧ τ3L , i.e. δκFab = 2iδ̂κΘ(L̂aτ3Lb − L̂bτ3La) . (2.12)
Then the D3 brane action S in (3.1) is κ-invariant provided the 5-form H5 is given by
H5 = iL ∧
(
1
6
L̂ ∧ L̂ ∧ L̂τ2 + F ∧ L̂τ1
)
∧ L
+
f
6
(
ǫi1...i4L+ ∧ Li1 ∧ . . . ∧ Li4 + ǫi′1...i′4L+ ∧ Li′1 ∧ . . . ∧ Li′4
)
. (2.13)
It is possible to check using Maurer-Cartan equations (see Appendix C) and well-known
Fierz identity11
L ∧ γ¯µνρτ2L ∧ L ∧ γ¯ρL = 2L ∧ γ¯[µτ1L ∧ L ∧ γ¯ν]τ3L (2.14)
that H5 is closed, i.e. the equation (2.3) is consistent and thus determines LWZ.
The important fact is that H5 is expressed in terms of the Cartan 1-forms and super-
invariant F only. This implies thatH5 is invariant under space-time supersymmetry. Then
from (2.3) we conclude that δsusy(d
−1H5) is exact, so that the WZ term (2.3), like the BI
term (2.2), is supersymmetry-invariant.
To put the fermionic part of the WZ term in the action in a more explicit form let us
make a rescaling Θ→ tΘ and define
H5t ≡ H5|Θ→tΘ , Ft ≡ F|Θ→tΘ . (2.15)
Since L(x, tt′Θ) = Lt(x, t′Θ) = Ltt′(x,Θ) one can show that (cf. (2.5),(2.6))
Ft = dA+ 2i
∫ t
0
dt′ΘL̂t′ ∧ τ3Lt′ , ∂tFt = 2iΘL̂t ∧ τ3Lt . (2.16)
11Throughout this paper symmetrization and anti-symmetrization rules are defined with normalization
(ab) = 1
2
(ab+ ba), [ab] = 1
2
(ab − ba).
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Then using the defining equations for the Cartan 1-forms (C.13)-(C.16) one finds from
(2.13) the following differential equation
∂tH5t = d
[
2i(
1
6
ΘL̂t ∧ L̂t ∧ L̂t ∧ τ2Lt +ΘL̂t ∧ Ft ∧ τ1Lt)
]
, (2.17)
which determines the Θ-dependence of H5. With the initial condition
(H5t)t=0 = H5|Θ=0 = H(bose)5 =
f
6
e+ ∧ (ǫi1...i4ei1 ∧ . . . ∧ ei4 + ǫi′1...i′4ei′1 ∧ . . . ∧ ei′4) , (2.18)
where eµ are (pull-backs of) the vielbein forms of plane wave background. The explicit
form of the Θ-independent part L(bose)WZ = d−1H(bose)5 depends on a particular choice of
coordinates on plane wave background. Thus the LWZ term in (2.3) can be written as
LWZ = 2i
∫ 1
0
dt
(
1
6
ΘL̂t ∧ L̂t ∧ L̂t ∧ τ2Lt +ΘL̂t ∧ Ft ∧ τ1Lt
)
+ L(bose)WZ . (2.19)
Using (2.16) and expansion of Cartan 1-forms in terms of Θ (see Appendix C and [2]) one
can then find the expansion of LWZ in powers of Θ.
The only non-trivial background fields in plane wave vacuum are the space-time met-
ric and the self-dual RR 5-form. The bosonic parts of the last two terms in H5 (2.13)
represent, indeed, the standard bosonic couplings of the D3 brane to the 5-form back-
ground. The action we have obtained contains also the fermionic terms required to make
this coupling supersymmetric and κ-invariant.
We started with the BI action expressed in terms of the Cartan 1-forms and the 2-form
in (2.5) [2] as implied by the structure of the plane wave space or the basic symmetry
superalgebra. We then fixed the form of H5 from the requirement of κ-symmetry of the
full action. As in the AdS5 × S5 case [29], the fact that we have reproduced the bosonic
part of the self-dual 5-form is in agreement with the result of [32, 34] that the D3 brane
action is κ-symmetric only in a background which is a solution of type IIB supergravity.
Let us briefly discuss global plane wave supersymmetries and κ symmetries of D3
brane action. The supersymmetry transformations of (super)coordinates brane fields xν ,
Θ, A = Aadσ
a can be presented as Taylor series expansion in fermionic field Θ which
terminates at terms Θ32 in general. The leading terms of this expansion we will need
below are fixed to be
δsusyx
ν = ieνµ (δsusyΘ)γ¯
µΘ+O(Θ3) , (2.20)
δsusyΘ = ǫ(x) +O(Θ
2) , (2.21)
δsusyA = ie
µ(δsusyΘ)γ¯
µτ3Θ+O(Θ
3) , (2.22)
where the Killing spinor ǫ(x) is given by
ǫ(x) = Uǫ0 , U = exp(− f
2
xIΠγ+γ¯Iτ2) exp(− f
2
x+Πγ+γ¯−τ2) . (2.23)
The supersymmetry transformations for (super)coordinates xν and Θ (2.20),(2.21) are
fixed via standard coset construction. The supersymmetry transformations for brane
world-volume field A (2.22) is chosen then so that the generalized field strength F (2.5)
be invariant with respect to supersymmetry transformations
δsusyF = 0 . (2.24)
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The κ transformations given in (2.7) can be expressed in terms of conventional variation of
super(coordinates) δκx
ν and δκΘ by using formulas (C.9) and the expressions for Cartan
1-forms given in (C.17)
δκx
ν = −ieνµ(δκΘ)γ¯µΘ+O(Θ3) , (2.25)
δκΘ = K+O(Θ
2) , (2.26)
δκA = −ieµ(δκΘ)γ¯µτ3Θ+O(Θ3) . (2.27)
Here the kappa-transformation of world-volume field A is chosen so that the kappa-
transformation of generalized field strength F (2.5) takes the form given in (2.12).
3 Gauge fixed D3 brane action
D3 brane action can be simplified by fixing local fermionic kappa and world-volume
diffeomorphism symmetries. Various possibilities to fix these symmetries can be divided
into two classes - covariant and noncovariant gauges. In this Section we find the form of
the D3 brane action in the plane wave background with R-R 5-form flux in the covariant
gauge. Our discussion of the covariant gauge fixing closely repeats the same steps as in
ref.[33], where the case of flat space-time was treated.
In flat space the D3 brane gauge fixing procedure consists of the two stages:
(I) fermionic covariant gauge choice, i.e., fixing the κ-symmetry by θ1 = 0
(II) bosonic covariant gauge choice, i.e., fixing the world-volume diffeomorphism sym-
metry by xa(σ) = σa12.
3.1 κ symmetry covariant gauge fixed action
Our fermionic κ-symmetry covariant gauge is the same as in flat D3 brane θ1 = 0. One
usually imposes the κ-symmetry covariant gauge by starting with the explicit representa-
tion for the D3 brane Lagrangian in terms of θ′s. However it is convenient to first impose
the covariant gauge at the level of the Cartan forms Lµ, Lα and then to use them in (2.1).
In what follows we adopt this strategy.13
By applying argument similar to the ones in [33] we impose the following covariant
kappa symmetry gauge
θ1 = 0, θ2 = λ , i.e. Θ =
(
0
λ
)
(3.1)
Because the D3 brane action (2.1) is expressible in terms of Cartan 1-forms we should
simply to evaluate the Cartan 1-forms in this gauge. This can be done straightforwardly
by using representation for the Cartan 1-forms given in Appendix C (see (C.17)-(C.19))
and plugging there the expression for Θ given in (3.1). This leads to the following Cartan
1-forms
L =
sinhm
m
DΘ , Lµ = eµ − 2iΘ γ¯µ coshm− 1
m2
DΘ , (3.2)
12Discussions of alternative covariant bosonic gauge choices may be found in [56].
13This strategy was first successfully used in [57],[30] while deriving κ-symmetry fixed action for long
superstring in AdS5×S5 and for κ-symmetry fixed light cone AdS superstring in [4]. Application of this
method to plane wave superstring may be found in [2].
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where covariant derivative is simplified as compared with (C.18) and is given by
DΘ =
 f2eµΠγ+γ¯µλ
DLλ
 , DL ≡ d+ 1
4
ωµνγµν , (3.3)
while the matrix m is
m2 =
(
0 −if(Πγ+γ¯µλ)α(λγ¯µ)β
if(γ+γ¯µλ)α(λγ¯µΠ)β 0
)
. (3.4)
In contrast to the matrix M (C.19) which enters definition of general Cartan 1-form the
gauge fixed matrix m turns out to be off-diagonal. This considerably simplify structure
of gauge fixed action. In order to enter definition of action we evaluate gauge fixed 2-form
F which is given by F = Ft=1
Ft = dA− 2i
∫ t
0
dt′ λL̂t′ ∧ L2t′ , (3.5)
where L2 is the second component of L (see (3.2),(C.2)). The expressions above given
define BI part the action (2.2). Gauge fixed WZ part of the action can be obtained from
(2.19)
LWZ = 2i
∫ 1
0
dt
(
− 1
6
λL̂t ∧ L̂t ∧ L̂tL1t + λL̂t ∧ Ft ∧ L1t
)
+ L(bose)WZ . (3.6)
Above given expression provides possibility to find expansion of D3 brane action in terms
of fermionic field. Note however that though the gauge fixed action is much more simpler
than the covariant one there is no natural way to integrate out parameter t in expressions
for Ft and LWZ to bring action to completely explicit form14. Total Lagrangian can
presented as Taylor series in field strength Fab and the fermionic field λ
L = L0 + L2 + L3 + L4 +O(F 3λ2, Fλ4, λ6) , (3.7)
where
L0 = −√g + L(bose)WZ , (3.8)
L2 = √g
(
−1
4
F abFab + ie
µaλγ¯µDLaλ
)
− if
12
ǫabcdeµae
ν
be
ρ
ce
σ
d(λγ¯
µνρΠγ+γ¯σλ) , (3.9)
L3 = i√gF abeµaλγ¯µDLbλ+
if
4
ǫabcdFabe
µ
c e
ν
d(λγ¯
µΠγ+γ¯νλ) , (3.10)
L4 = √g
(1
8
F abFbcF
cdFda − 1
32
(F abFab)
2
− iF acF bceµaλγ¯µDLbλ+
i
4
F bcFbce
µaλγ¯µDLaλ
+
1
2
λγ¯µDLaλλγ¯µDLaλ+
1
2
(eµaλγ¯µDLaλ)
2 − eµaeνbλγ¯µDLbλλγ¯νDLaλ
)
+ fǫabcdeµae
ν
b
(1
8
eσcλγ¯
ρDLdλ−
1
72
eρcλγ¯
σDLdλ
)
(λγ¯µνρΠγ+γ¯σλ)
+
f
4
ǫabcdeµae
ν
be
ρ
cλγ¯
ρDLdλ(λγ¯
µΠγ+γ¯νλ) +
√
g
f2
24
λγ¯+µνλλγ¯+µνλ . (3.11)
14This minor problem can be by passed in light cone gauge.
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In these formulas gab is a bosonic body of the induced world-volume metric Gab (2.4)
gab = e
µ
ae
µ
b , e
µ = dσaeµa , g ≡ −det gab . (3.12)
The above given representation for D3 brane action is valid for arbitrary coordinate on
plane wave background. The explicit form of the bosonic body of WZ part of the action,
L(bose)WZ , depends on a particular choice of coordinates on plane wave background. We chose
the coordinate frame in which vielbeins eµ take the form
e+ = dx+ , eI = dxI , e− = dx− − f
2
2
xIxIdx+ , (3.13)
For this particular choice of coordinates we get the following representation for L(bose)WZ
L(bose)WZ = −
f
6
ǫabcd∂ax
+(ǫijklxi∂bx
j∂cx
k∂dx
l + ǫi
′j′k′l′xi
′
∂bx
j′∂cx
k′∂dx
l′) , (3.14)
while the induced metric tensor takes the form
gab ≡ 2∂(ax+∂b)x− − f2xIxI∂ax+∂bx+ + ∂axI∂bxI . (3.15)
In what follows we assume this particular choice of the coordinates. We normalize the
Levi-Civita symbols to be ǫ0129 = ǫ1234 = ǫ5678 = 1. Note that as f → 0 the expansion for
L shown in (3.8)-(3.11) reduces to the one in the flat space time (see [33],[58]).
3.2 Static gauge fixed D3 brane action and its symmetries
Our static gauge being the same as in flat space leads to the action of self-interacting
abelian N = 4 SYM in 4d plane wave background. In this section we study realization of
bosonic symmetries of static gauge fixed brane action. We demonstrate that only isometry
symmetries of 4d plane wave background plus R-symmetries SO(2)× SO′(4) are realized
linearly while the remaining bosonic symmetries are realized non-linearly. In this respect
the situation is similar to the one in flat space. Because number of isometry symmetries
in 4d plane wave background is equal to seven we note that number of linearly realized
space-time symmetries is equal to number of linearly realized R-symmetries15.
Making field redefinitions and introducing conventional notation for six scalar fields
xm (σ)→ −xm (σ) , φM(σ) ≡ −xM (σ) , m = 0, 1, 2, 9 ; M = 3, . . . , 8 , (3.16)
we impose the standard static gauge
xm (σ) = δma σ
a ≡ σm , a = 0, 1, 2, 9 , (3.17)
where δma = 1(0) for m = a(m =/ a). Introducing light cone coordinates on D3 brane
15This is not the case in flat space. After imposing the static gauge in the D3 brane action the
Poincare´ symmetries of ten-dimensional Minkowski space-time reduces to the 10 linearly realized Poincare´
symmetries of 4d Minkowski space, 15 linearly realized R-symmetries of SO(6) plus certain non-linearly
realized symmetries. Thus in the flat space the number of linearly realized space-time symmetries is not
equal to the number of linearly realized R-symmetries.
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σ± =
1√
2
(σ9 ± σ0) , σ iˆ , iˆ = 1, 2 , (3.18)
and inserting the static gauge into (3.15) we get the gauge fixed induced metric16
gmn = g
(pw)
mn − f2φMφMδ+mδ+n + ∂mφM∂nφM , (3.19)
where g(pw)mn is a metric tensor of 4d plane wave background
g(pw)mn dσ
m dσn = 2dσ+dσ− − f2σ iˆσ iˆdσ+dσ+ + dσ iˆdσ iˆ . (3.20)
Taking into account the formula (3.19) we see that if we will treat g(pw) as background
field and make Taylor series expansion with respect to remaining terms, f2φ2 and (∂φ)2,
then the static gauge fixed D3 brane action will be manifestly invariant with respect to
isometry symmetries of 4d plane wave background. It is natural to expect then that these
isometry symmetries are realized linearly. To demonstrate this point explicitly we consider
transformations of brane fields with respect to original plane wave symmetries in ten
dimensions. This is to say we start with global plane wave transformations supplemented
with local diffeomorphism transformation
δxµ = ξGµ + ǫa∂ax
µ , (3.21)
where ξGµ is Killing vector corresponding to plane wave global transformation generated
by element of algebra denoted by G. Representation of the Killing vectors in term of
differential operators G = ξGν∂xν is given in (B.10)-(B.13). From the requirement that
the transformation (3.21) maintains the static gauge (3.17), δxm = 0, we fix parameter of
compensating transformation
ǫm = −ξGm . (3.22)
Plugging this into (3.21) we get transformation rules of six scalar fields
δGx
M = ξGM − ξGm∂mxM . (3.23)
Making use of concrete representation for Killing vectors plane wave background (B.10)-
(B.13) we get the following transformations with respect to transverse translations and
Lorentz boosts
δ(aIP I)x
M = cos fx+aM − (cos fx+aiˆ∂iˆ + f sin fx+(aIxI)∂+)xM , (3.24)
δ(bIJ+I)x
M =
sin fx+
f
bM − (sin fx
+
f
biˆ∂iˆ − cos fx+(bIxI)∂+)xM , (3.25)
where aI and bI are parameters of the appropriate transformations. Plugging the static
gauge (3.17) into transformation rules (3.24),(3.25) we see that the transformations gen-
erated by P iˆ and J+iˆ
16After choice of static gauge the indices m,n are used for target space vectors while indices a, b are
used for tangent space vectors. These vectors are related as Am = e
m
a Aa, where e
m
a is inverse to the
basis of one forms ea = eamdx
m , e
m
a ebm = δ
b
a. The basis of e
a is specified to be e+ = dx+, eiˆ = dxiˆ,
e− = dx− − (f2/2)σiˆσiˆdx+.
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δP iˆφ
M = (cos fσ+∂iˆ + f sin fσ
+σ iˆ∂+)φM , (3.26)
δJ+iˆφ
M = (
sin fσ+
f
∂iˆ − cos fσ+σ iˆ∂+)φM , (3.27)
are realized linearly and coincide with transformation of isometry algebra of 4d plane
wave background. It is easy to check that transformations generated by translations in
light cone directions P± and SO(2) × SO(2) × SO′(4) rotations generated by J12, J34,
J ı
′j′ which are obtainable from (3.21), are also realized linearly. The generators P±, P iˆ,
J+iˆ and J12 form algebra of isometry symmetries of 4d plane wave space-time while the
generators J34, J i
′j′ are responsible for R-symmetries, which are SO(2)×SO′(4) rotations.
The transformations of remaining six translations PN and six Lorentz boosts J+N
take the form
δaNPNφ
M = cos fσ+aM − f sin fσ+aNφN∂+φM , (3.28)
δbNJ+Nφ
M =
sin fσ+
f
bM + cos fσ+bNφN∂+φM , (3.29)
and these transformations are obviously broken and realized non-linearly.
Broken and unbroken (super)symmetries of kappa symmetry and static gauge fixed
D3 brane action are collected in Table 1.
TABLE 1: Broken and unbroken (super)symmetries of kappa symmetry and static gauge
fixed D3 brane action
Generators of Generators of Generators of
plane wave unbroken broken
superalgebra symmetries symmetries
P+, P− P+, P−
P I , I = 1, . . . 8 P iˆ, iˆ = 1, 2 PM , M = 3, . . . , 8
J+I , I = 1, . . . , 8 J+iˆ, iˆ = 1, 2 J+M , M = 3, . . . , 8
J ij , i, j = 1, . . . , 4 J12, J34 J13, J14, J23, J24
J i
′j′, i′, j′ = 5, . . . , 8 J i
′j′, i′, j′ = 5, . . . , 8
Q1α, Q
2
α, α = 1, . . . , 16 Q
1ζ0 +Q
2 Q1ζ0 −Q2
It is instructive to find commutation relations of generators of unbroken symmetries.
These commutation relations can be obtained from the ones of the plane wave superalgebra
given in (B.1)-(B.8). Bosonic generators form symmetries of 4d plane wave space-time
and R-symmetries. All that is required is to find (anti)commutators involving unbroken
supercharge
Q =
1√
2
(Q1ζ0 +Q
2) , ζ0 ≡ γ−+12 . (3.30)
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Commutation relations of bosonic generators with this supercharge take the form
[J ij ,Q±α ] =
1
2
Q±β (γ
ij)βα , [J
i′j′,Q±α ] =
1
2
Q±β (γ
i′j′)βα , [J
+iˆ,Q−α ] =
1
2
Q+β (γ
+iˆ)βα ,
[P a,Qα] = − f
2
Qβ(γ
+34γ¯a)βα , (3.31)
where we have to keep just the so(2)⊕ so(2) part of J ij given by J12, J34. The anticom-
mutator of supercharges corresponding to unbroken supersymmetries is given by
{Qα,Qβ} = −2iγaαβP a + 2ifγ¯+−34ˆiαβ J+iˆ
+ 2if(γ¯+Π)αβJ
12 − 2ifγ+αβJ34 − ifγ¯+34i
′j′
αβ J
i′j′ . (3.32)
These (anti)commutation relations tell us that generators of unbroken symmetries form
some subsuperalgebra of the original plane wave superalgebra. We demonstrated that the
unbroken bosonic symmetries are realized linearly. As to the unbroken supersymmetries it
is not obvious that they can also be realized linearly by appropriate choice of parametriza-
tion of fermionic fields. For the case of static gauge fixed D9 brane in flat space-time it is
known that these supersymmetries are realized non-linearly [59, 60]. Because D3 brane
has the same amount of unbroken supersymmetries it seems highly likely that the D3
brane unbroken supersymmetries are also realized non-linearly.
3.3 D3 brane friendly form of abelian N = 4 SYM in plane wave
background
Now we study the D3 brane action in quadratic approximation in fields. Looking at the
part of D3 brane action given by L0 and L2 (see (3.8),(3.9)) one can expect appearance
of some mass like terms for fermionic and bosonic scalar fields. Therefore in quadratic
approximation in fields the D3 brane action reduces to the standard action of free abelian
N = 4 SYM in plane wave background plus some mass like terms for both the fermionic
and bosonic scalar fields. It is instructive to understand structure of these mass-like terms.
This is what we are doing in this section.
In static gauge this part of D3 brane action is obtainable from L0, L2 given in (3.8),
(3.9). Introducing the notation
ψ ≡
√
2λ , Z ≡ 1√
2
(φ3 + iφ4) , Z¯ ≡ 1√
2
(φ3 − iφ4) , (3.33)
we get the following Lagrangian for abelian spin one field Am ≡ δamAa, four real-valued
scalars φi
′
, one complex-valued scalar Z, and the sixteen component real-valued one-half
spin fermionic field ψ
L = Lst +∆L , (3.34)
where Lst stands for the standard Lagrangian of abelian N = 4 SYM theory in 4d plane
wave background
Lst = −1
4
FmnFmn − 1
2
gmn∂mφ
i′∂nφ
i′ − gmn∂mZ¯∂nZ − i
2
ψγ¯mDLmψ , (3.35)
12
DLm = ∂m −
f2
2
σ iˆγ+iˆδ+m , γ
m = ema γ
a , (3.36)
while ∆L describes unusual mass-like terms
∆L = −2if(Z¯∂+Z − Z∂+Z¯)− i
2
fψγ¯+34ψ . (3.37)
Note that Lst is obtainable from the kinetic part of D3 brane action (2.2) while the mass-
like terms ∆L are coming from WZ part of brane action (2.3). Thus modulo unusual
mass-like terms for the complex-valued scalar fields Z and fermionic field ψ we get the
Lagrangian for abelian N = 4 SYM theory in 4d plane wave background. It turns out
that these unusual mass-like terms depend on field redefinitions. Indeed making use of
the field redefinition
Z → ei(w+2)fσ+Z , ψ → e−w+22 fγ34σ+ψ , (3.38)
where w is a constant parameter we get the Lagrangian (3.34) with the following mass
terms
∆L = iwf(Z¯∂+Z − Z∂+Z¯) + iwf
4
ψγ¯+34ψ , ∂+ ≡ ∂/∂σ− . (3.39)
Thus we see that mass-like terms depend on the parameter of fields redefinition w. A
scheme in which ∆L takes the form given in (3.39) we shall refer to as w-scheme.
The Lagrangian given in (3.35),(3.37) was derived directly from the Lagrangian of the
D3 brane and it corresponds to w = −2 scheme. Therefore this scheme we shall refer to
as D3 brane friendly scheme. Another scheme, which we shall refer to as conventional
scheme, does not involve unusual mass-like terms. This conventional scheme is achieved
by setting w = 0. From the transformation given in (3.38) it is clear that Hamiltonian of
abelian plane wave SYM in arbitrary w scheme is given by
P−w = P
− + f(w + 2)J34 , (3.40)
where P− is the Hamiltonian of plane wave SYM taken to be in D3 friendly w = −2
scheme (see (3.35),(3.37)). Peculiar properties of various schemes, D3 brane friendly and
conventional ones, can be understood by study of supersymmetry. Let us discuss therefore
supersymmetry transformations of abelian plane wave SYM.
Because the 4d plane wave metric is conformally flat the abelian N = 4 plane wave
SYM is invariant with respect to 30 bosonic and 32 supersymmetries. Only fourteen
bosonic and sixteen supersymmetry transformations of plane wave abelian SYM can be
derived from unbroken symmetries of D3 brane action. The fourteen unbroken D3 brane
symmetries which are visible in plane wave SYM are shown in Table 117. According this
Table the sixteen supersymmetries of abelian SYM related with unbroken symmetries of
D3 brane are generated by supercharge Q (3.30). Taking into account representation for
the plane wave SYM Hamiltonian P−w (3.40) and the commutators (3.31) we get the fol-
lowing commutators between w-scheme Hamiltonian P−w and kinematical and dynamical
supercharges
[P−w ,Q
+
α ] =
w
2
fQ+β (γ
34)βα , [P
−
w ,Q
−
α ] =
2 + w
2
fQ−β (γ
34)βα , (3.41)
17Remaining D3 brane 16 bosonic and 16 super symmetries being broken already in static gauge fixed
D3 brane action become to be contracted when we restrict D3 brane action to the action of abelian SYM.
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where kinematical, Q+, and dynamical, Q−, supercharges are defined in standard way
Q+ =
1
2
γ¯−γ+Q , Q− =
1
2
γ¯+γ−Q . (3.42)
From the commutators given (3.41) we see that in D3 brane friendly scheme, w = −2,
the Hamiltonian of plane wave SYM is commuting with dynamical charges and does
not commute with kinematical supercharges. Because supermultiplet of SYM theory is
built out with the help of kinematical supercharges this implies that lowest energy values
for fields of SYM, Am , Z and ψ, are different
18. On the other hand in conventional
scheme, w = 0, the Hamiltonian is commuting with kinematical supercharge and does
not commute with dynamical supercharge. This implies that in conventional scheme all
fields of SYM have the same lowest energy values.
To finish discussion of plane wave SYM we write down an explicit form of sixteen
supersymmetry transformations of abelian SYM which are obtainable from the unbroken
supersymmetries of D3 brane19
δAm = ie
a
mψγ¯
aǫˆ , δφM = iψγ¯M ǫˆ , (3.43)
δψ = (
1
2
γmnFmn − γM γ¯m∂mφM)ǫˆ− fφi′γi′ γ¯+34ǫˆ
− f(w + 1)(ZγZ¯ + Z¯γZ)γ¯+34ǫˆ , γZ ≡ 1√
2
(γ3 + iγ4) , γZ¯ = (γZ)∗ , (3.44)
where parameter of transformation ǫˆ, which is the Killing spinor, satisfies the equation
DLǫˆ =
f
2
(eaγaγ¯+34 + we+γ34)ǫˆ , DL = dσmDLm . (3.45)
Explicit solution to this equation is fixed to be
ǫˆ = exp(
w + 2
2
fγ34x+) exp(− f
2
xiˆγ+34γ¯ iˆ) exp(− f
2
x+γ+34γ¯−)ǫ0 , (3.46)
where ǫ0 is a sixteen component real-valued constant fermionic parameter. The w-scheme
Lagrangian which is invariant with respect to the transformations (3.43), (3.44) is given
by (3.34),(3.39).
3.4 Supersymmetries of gauge fixed brane action
In this section we investigate realization of supersymmetries of kappa gauge and static
gauge fixed D3 brane action. We would like to learn which supersymmetries are unbroken
and which ones become broken. To investigate this problem we study supersymmetry
transformations of brane fields. In general all original supersymmetry transformations of
brane fermionic fields (see (2.21)) look like Goldstone type, i.e. they shift the fermionic
field by constant parameter. It turns out however that it is possible to construct some
combination of original brane transformations which do not shift the fermionic field by
18Alternative way to achieve this conclusion is simply to solve equations of motions.
19Note that the supersymmetry transformations obtainable from D3 brane correspond to w = −2
scheme. Transformations rules (3.43),(3.44) can be derived then by going from this w = −2 scheme to
the arbitrary scheme via transformations (3.38).
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constant parameter and these transformations correspond to unbroken symmetries. All
the remaining transformations are Goldstone type and they are associated with broken
symmetries.
The plane wave supersymmetries of covariant kappa symmetry gauge and static gauge
fixed brane action can be found following standard procedure [33]. Introducing notation
Ξ for brane fields (xν ,Θ, Aa) we start with supersymmetry transformations supplemented
by local κ-symmetry transformations
δΞ = δsusyΞ + δκΞ . (3.47)
The parameter of κ transformations is fixed by the requirement that the complete trans-
formation (3.47) maintains the κ-symmetry gauge (3.1)
δsusyθ
1 + δκθ
1 = 0 . (3.48)
Representing the parameters of κ-transformation (2.7), supersymmetry transformation
ǫ(x) (2.23) and the matrix Γ (2.9) as
Kα =
 κ1α
κ2α
 , ǫ =
 ǫ1α
ǫ2α
 , Γ =
 0 ζ
ζ˜ 0
 , (3.49)
where
ζ, ζ˜ =
ǫa1...a4√
−det(Gab + Fab)
(
± 1
4!
γa1...a4 +
1
4
γa1a2Fa3a4 ±
1
8
Fa1a2Fa3a4
)
, (3.50)
we find that the relations (2.8) imply
ζζ˜ = ζ˜ζ = 1 , κ1 = ζκ2 , κ2 = ζ˜κ1 . (3.51)
Taking into account supersymmetry and κ transformations for Θ (2.21),(2.26) we get
from (3.48) solution to κ1: κ1 = −ǫ1. In view of (3.51) we conclude that both the local
κ parameters, κ1 and κ2, are expressible in terms of global parameter of supersymmetry
transformations
κ1 = −ǫ1 , κ2 = −ζ˜ǫ1 . (3.52)
Plugging solution to κ parameters into (3.47) and taking into account transformations
(2.20)-(2.22),(2.25)-(2.27) and notation (3.1) we get the following supersymmetry trans-
formations of brane fields
δA = −ieµ(ǫ2 + ζ˜ǫ1)γ¯µλ , (3.53)
δxν = ieνµ(ǫ
2 + ζ˜ǫ1)γ¯µλ , (3.54)
δλ = ǫ2 − ζ˜ǫ1 . (3.55)
From the transformation rule given in (3.55) it is clear that the brane fermionic field
transforms like Goldstone field in general. Note however that this does not imply that
all supersymmetries are broken. It turns out that sixteen supersymmetries are still to be
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unbroken. Let us demonstrate this point explicitly. Representing the constant parameter
ǫ0 (2.23)
ǫ0 =
 ǫ10
ǫ20
 , (3.56)
we get from (2.23) the following representation for the components of the Killing spinor
ǫ(x)
ǫ1(x) =
1
2
(γ−γ¯+ + γ+γ¯− cos fx+)ǫ10 −
1
2
Πγ+(fxI γ¯I + γ¯− sin fx+)ǫ20 , (3.57)
ǫ2(x) =
1
2
(γ−γ¯+ + γ+γ¯− cos fx+)ǫ20 +
1
2
Πγ+(fxI γ¯I + γ¯− sin fx+)ǫ10 . (3.58)
Now we restrict the 32 supersymmetries associated with parameters ǫ10, ǫ
2
0 to the 16
supersymmetries by imposing the constraint on the parameters of transformations
ǫ10r =
1
2
ζ0η0 , ǫ
2
0r =
1
2
η0 , ζ0 ≡ γ−+12 , (3.59)
where η0 is a real-valued sixteen component constant spinor and suffix ‘r’ is used to indi-
cate the fact we restrict 32 parameters ǫ10, ǫ
2
0 (3.57),(3.58) to 16 independent parameters
η0 . Now if we plug these ǫ
1
0r, ǫ
2
0r in expressions for ǫ
1(x), ǫ2(x) (3.57),(3.58) and insert
such restricted values of ǫ1(x), ǫ2(x) on r.h.s of (3.55) then we learn that linear field
independent term proportional to η0 cancels out. This means that 16 supersymmetries
associated with parameter η0 are unbroken. Evaluating
ǫ10rQ
1 + ǫ20rQ
2 =
1
2
η0(Q
1ζ0 +Q
2) (3.60)
we conclude that sixteen supersymmetries generated by the supercharges Q1ζ0 + Q
2 are
unbroken while the remaining supersymmetries sixteen generated by the supercharges
Q1ζ0 −Q2 are broken and realized non-linearly.
3.5 Supersymmetries of static gauge fixed D3 brane action
via supercurrents
In this section we investigate realization of D3 brane supersymmetries by exploring for-
malism of supercurrent. Concerning the broken and unbroken supersymmetries we arrive
at the same conclusions of previous section, i.e. a study of this section is supplementary
to the one above given. We evaluate the supercurrents and divide them into two class.
The supercurrents which do not involve terms linear in fermionic fields are responsible
for unbroken supersymmetries. Remaining supercurrents involve terms linear in fermionic
fields and these supercurrents are responsible for broken supersymmetries (Goldstone type
supersymmetries). In order to investigate these issues it is sufficient to restrict an atten-
tion to the terms up to the second order in the fermionic field Θ. The corresponding part
of gauge invariant D3 brane Lagrangian is given by (see (2.1))
L(2) = L1 + L2 + L3 + L4 , (3.61)
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L1 = −√g + i√gΘγˆaDaΘ , (3.62)
L2 = √g(−1
4
F abFab − iF abΘγˆaτ3DbΘ) , (3.63)
L3 = i
6
ǫabcdΘγˆabcτ2DdΘ+ L(bose)WZ , (3.64)
L4 = i
2
ǫabcdFabΘγˆcτ1DdΘ , γˆaαβ ≡ γµαβeaµ , (3.65)
where the L(bose)WZ is given in (3.14) and the covariant Killing spinor derivative D = dσaDa
is given in (C.18). The remaining notation is given in (3.12),(3.13). Supersymmetry
transformations given in (2.20)-(2.22) lead to a conserved current20 Qa, ∂aQ
a = 0,
Qa = V
(√
g(γˆa + F abγˆbτ3)− 1
6
ǫabcdγˆbcdτ2 − 1
2
ǫabcdFbcγˆdτ1
)
Θ , (3.66)
where the matrix V = Vα
β is given by
V = exp(
f
2
τ2x
+γ¯−Πγ+) exp(
f
2
τ2x
I γ¯IΠγ+) . (3.67)
Note that Vα
β ≡ Uβα (see (2.23)). Now we should impose both the bosonic static gauge
and fermionic covariant kappa symmetry gauge. To this end we represent the supercurrent
Qa (3.66) as follows
Qa =
 Q1a
Q2a
 , Qa = V Q˜a , (3.68)
and evaluate the supercurrents Q˜a taken to be in covariant kappa symmetry gauge (3.1)
Q˜1a = −1
6
ǫabcdγˆbcdλ− 1
2
ǫabcdγˆbFcdλ , Q˜
2a = γˆaλ− F abγˆbλ . (3.69)
Plugging these expressions into (3.68) and by acting with matrix V we find the following
components of supercurrent Qa:
Q1a =
1
2
(γ+γ− + γ−γ+ cos fx+)(−1
6
ǫabcdγˆbcd − 1
2
ǫabcdγˆbFcd)λ
+
1
2
(fγIxI + γ− sin fx+)Πγ+(γˆa − F abγˆb)λ , (3.70)
Q2a =
1
2
(γ+γ− + γ−γ+ cos fx+)(γˆa − F abγˆb)λ
+
1
2
(fγIxI + γ− sin fx+)Πγ+(
1
6
ǫabcdγˆbcd +
1
2
ǫabcdγˆbFcd)λ . (3.71)
These supercurrents Q1a and Q2a taken to be in static gauge involve unwanted terms
which are linear in fermionic field and do not depend on the remaining fields. These
are terms that generate Goldstone transformation. Motivated by desire to cancel these
20The current (3.66) can be found by using standard Noether method based on localization of the
parameters of associated global transformation ǫ0 (2.23). Replacing ǫ0 by function of world-volume
coordinates σa the variation of Lagrangian by module of total derivatives is found to be δL = −2i(∂aǫ0)Qa.
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unwanted terms we look for the linear combination of the supercurrents Q1a and Q2a
which cancels out unwanted terms. As expected from analysis of previous Section such
a combination does exist and is given by Q1aζ0 + Q
2a. Making use of field redefinitions
(3.16) this desired combination of supercurrents takes the form21
−(Q1mζ0 +Q2m) = 1
2
exp(
f
2
σ+γ−γ+34) exp(
f
2
σ iˆγ iˆγ+34)Fµνγ
µνγm λ+ fφMγMγ+34γm λ .
(3.72)
To transform this supercurrent into conventional w = 0 scheme which is friendly to N = 4
SYM theory to be studied below we use the transformation (3.38) with w = 0 (see also
(3.33)) and we get finally
−(Q1m ζ0 +Q2m) = exp(− f
2
σ+γ+34γ−) exp(− f
2
σ iˆγ+34γ iˆ)(
1
2
Fµνγ
µν − fφMγ+34γM)γmλ .
(3.73)
4 D3 brane action in the kappa symmetry light cone
gauge
Fixing fermionic kappa symmetry by using light cone gauge simplifies considerably the
structure of D3 brane action. In order to discuss light cone gauge fixed action we find
it convenient to represent covariant action it terms of complex spinors. Complex frame
fermionic coordinates θα, θ¯α = (θα)† and Cartan 1-forms Lα, L¯α = (Lα)† are related with
2-vector notation Θ and L used in previous sections
θ =
1√
2
(θ1 + iθ2) , L =
1√
2
(L1 + iL2) , (4.1)
where the components θ1, θ2 and L1, L2 are related with Θ and L as in (C.2). In this
notation the 2-form field F takes the form22
F = Ft=1 , Ft = dA+ (2i
∫ t
0
dt′ θL̂t′ ∧ Lt′ + h.c.) , (4.2)
while the defining H5 form can be cast into the form
H5 =
1
3
L¯ ∧ L̂ ∧ L̂ ∧ L̂ ∧ L+ F ∧ (L ∧ L̂ ∧ L− L¯ ∧ L̂ ∧ L¯)
+
f
6
(
ǫi1...i4L+ ∧ Li1 ∧ . . . ∧ Li4 + ǫi′1...i′4L+ ∧ Li′1 ∧ . . . ∧ Li′4
)
, (4.3)
which leads to the following WZ part of the Lagrangian LWZ = d−1H5
LWZ =
∫ 1
0
dt
(1
3
θ¯L̂t ∧ L̂t ∧ L̂t ∧ Lt + 2Ft ∧ θL̂t ∧ Lt + h.c.
)
+ L(bose)WZ . (4.4)
Fermionic kappa symmetry light cone gauge is defined as
γ¯+θ = γ¯+θ¯ = 0 . (4.5)
21Here we introduce Qm = δ
m
a Qa and collect Am and φM into 10d vector A
µ . Details of 10d notation
we use may be found in Sect. 6.
22Complex notation counterpart of relation (2.16) is dF = iL ∧ L̂ ∧ L+ h.c.
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In this gauge the Cartan 1-forms can easily be evaluated (by transforming result of Ap-
pendix C into complex form or by using Ref. [2]) and they are given by
L+ = e+ , LI = eI , L− = e− − i(θ¯γ¯−dθ + θγ¯−dθ¯)− 2fe+θ¯γ¯−Πθ , (4.6)
L = dθ − ife+Πθ , (4.7)
where we use coordinates of plane wave background in which vielbeins eµ take the form
given in (3.13). By using these kappa symmetry gauge fixed Cartan 1-form we find
immediately from (2.4) (4.2) the corresponding Gab and Fab terms
Gab = gab − 2i∂(ax+(θ¯γ¯−∂b)θ + θγ¯−∂b)θ¯)− 4f θ¯γ¯−Πθ∂ax+∂bx+ , (4.8)
Fab = Fab + 2i∂[ax
+(θγ¯−∂b]θ + θ¯γ¯∂b]θ¯) , Fab = ∂aAb − ∂bAa , (4.9)
where the bosonic body gab is given by (3.15). As compared to covariant gauge the light
cone gauge fixed Cartan 1-forms, the metric Gab, and 2-form F do not involve terms
higher than second order in the fermionic coordinates θ and due to this we are able to
write down explicit representations for both the kinetic and WZ parts of gauge fixed
D3 brane Lagrangian. Plugging these expressions into the Lagrangian (and making a
redefinition xµ → −xµ) we get (after simple integration over t in LWZ) the corresponding
BI and WZ parts
LBI = −
√
− det(gab + Fab +Mab) , (4.10)
LWZ = −ǫabcd∂ax+
(
∂bx
I∂cx
J θ¯γ−IJ∂dθ +
1
2
Fbc(θγ¯
−∂dθ − θ¯γ¯−∂dθ¯)
)
+
f
6
ǫabcd∂ax
+(ǫijklxi∂bx
j∂cx
k∂dx
l + ǫi
′j′k′l′xi
′
∂bx
j′∂cx
k′∂dx
l′) , (4.11)
where the matrix Mab describes the θ-dependent part of the BI Lagrangian
Mab ≡ 2i∂bx+(θ¯γ¯−∂aθ + θγ¯−∂aθ¯)− 4f θ¯γ¯−Πθ∂ax+∂bx+ . (4.12)
First terms in expansion of L are (modulo cosmological term)
1√
g
LBI = −1
4
FabF
ab−i(gab−F ab)∂ax+(θ¯γ¯−∂bθ+θγ¯−∂bθ¯)+2fgab∂ax+∂bx+θ¯γ¯−Πθ , (4.13)
where g is defined as in (3.12).
Light cone gauge fixing the world-volume diffeomorphism symmetries can be made by
following standard procedure (see for instance [61]). This subject is beyond scope of this
paper.
5 psu(2, 2|4) superalgebra in various bases
Now we turn to a study of plane wave SYM theory. Since our approach is based essentially
on realization of supersymmetries generated by psu(2, 2|4) superalgebra we start with
discussion of (anti)commutation relations of this superalgebra in various bases.
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psu(2, 2|4) superalgebra is more familiar in so(3, 1) ⊕ su(4) ≃ sl(2, C) ⊕ su(4) or
so(4, 1) ⊕ so(5) basis. The former basis is convenient in study of N = 4, 4d supercon-
formal symmetry of SYM theory while the latter basis introduced in [28] is preferable for
discussion of the covariant GS action in AdS5 × S5 Ramond-Ramond background [28]23.
Note that all these bases respect Lorentz symmetries generated by so(3, 1) algebra. The
Lorentz symmetries however are broken in plane wave background and therefore these
bases are not convenient for discussion of the 4d plane wave N = 4 SYM. It turns out
that more suitable and convenient basis for study plane wave SYM is the one in which
a proper plane wave generator of time translation P− and dilatation generator D are
realized as diagonal elements of psu(2, 2|4) superalgebra. This basis will be referred to as
plane wave basis.
5.1 psu(2, 2|4) superalgebra in Lorentz basis
Since we use extensively interrelations between Lorentz and plane wave bases let us start
with discussion of psu(2, 2|4) superalgebra in Lorentz basis. As is well known bosonic
part of psu(2, 2|4) superalgebra is the algebra of conformal transformations so(4, 2) plus
the algebra of R-symmetries so(6). The so(4, 2) algebra being realized in flat space-time
consists of translation generators Pm, dilatation generator D, generators of so(3, 1) rota-
tions Jmn, generators of so(6) rotations JMN and conformal boosts generators Km. The
fermionic part of psu(2, 2|4) superalgebra consists of sixteen generators of Poincare´ super-
translationsQα and sixteen generators of superconformal translations S
α24. Commutators
between bosonic generators of superalgebra are given by25
[D,Pm] = −Pm , [D,Km] = Km , [Pm,Kn] = ηmnD− Jmn , (5.1)
[Pm,Jnn
′
] = ηmnPn
′ − ηmn′Pn , [Km,Jnn′] = ηmnKn′ − ηmn′Kn , (5.2)
[Jmn,Jm
′n′] = δnm
′
Jmn
′
+ 3 terms , [JMN ,JM
′N ′ ] = δNM
′
JMN
′
+ 3 terms . (5.3)
Commutators between bosonic generators and the fermionic ones are
[S,Pm] = −γmQ , [Q,Km] = 1
2
γ¯mS , (5.4)
[D,Q] = −1
2
Q , [Q,Jmn] =
1
2
γ¯mnQ , [Q,JMN ] =
1
2
γ¯MNQ , (5.5)
[D,S] =
1
2
S , [S,Jmn] =
1
2
γmnS , [S,JMN ] =
1
2
γMNS . (5.6)
Anticommutators are fixed to be
{Q,Q} = −2iγ¯mPm , {S,S} = −4iγmKm , (5.7)
{Sα,Qβ} = −2iδαβD− i(γmn)αβJmn + i(γMN)αβJMN . (5.8)
23Study of covariant AdS5×S5 Green-Schwarz superstring action in su(2, 2)⊕su(4) and sl(2, C)×su(4)
bases may be found in [62] and [63] respectively.
24Here and below we use bold face notation for generators of psu(2, 24) superalgebra taken in Lorentz
notation. This notation should not be confused with the one for 2-vectors we used in previous Sections.
25m,n,m′, n′ = 0, 1, 2, 9; M,N,M ′, N ′ = 3, . . . , 8. In light cone frame m,n,m′, n′ = +,−, 1, 2 and the
only non-vanishing components of flat metric tensor ηmn are given by η+− = 1, ηiˆjˆ = δiˆjˆ .
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All bosonic generators G = (Pm,Km,D,Jmn,JMN) are taken to be anti-hermitian G† =
−G, while fermionic generators are considered to be hermitian
Q†α = Qα , S
α† = Sα . (5.9)
In flat space the symmetries generated by translations Pm, and Lorentz rotations Jmn are
realized as isometry symmetries of Minkowski space time while D and Km are responsible
for proper conformal transformations.
5.2 psu(2, 2|4) superalgebra in plane wave basis
First of all let us following [64] to discuss a manifest representation for generators of confor-
mal symmetries of 4d plane wave geometry. This representation will be used throughout
this paper. Since for plane wave background the Weyl tensor vanishes, the conformal
algebra in question is isomorphic to the so(4, 2) algebra. Below we establish the isomor-
phism explicitly, i.e., we map generators of so(4, 2) taken to be in the plane wave basis
to generators of so(4, 2) taken to be in the Lorentz basis. Note that because Lorentz
symmetries are broken in plane wave background the symmetries of so(4, 2) algebra are
realized in a different way in plane wave space-time as compared to ones in the Minkowski
space-time. In plane wave background only seven generators of the so(4, 2) algebra are
realized as isometry symmetries while the remaining eight generators of the so(4, 2) alge-
bra are realized as proper conformal symmetries. This is to be compared with Minkowski
space where the 10 generators of so(4, 2) algebra, four translations Pm and six Lorentz
boosts Jmn, are realized as isometry symmetries while the remaining 5 generators of the
so(4, 2) algebra, dilatation D and conformal boosts Km, are realized as proper conformal
transformations.
Our study is based on usage of concrete parametrization of 4d plane wave background
in which the line element takes the form
ds2 = 2dx+dx− − f2xiˆxiˆdx+dx+ + dxiˆdxiˆ , iˆ = 1, 2. (5.10)
We start with discussion of the algebra of isometry symmetries which is subalgebra of
conformal algebra. The algebra of isometry symmetries leaves the line element (5.10) to
be form-invariant and is generated by translations P+, P−, P iˆ, by Lorentz boosts J+iˆ
and by so(2) rotations J iˆjˆ = ǫiˆjˆJ12, i.e. the dimension of this algebra is equal to seven.
These generators satisfy the well known commutation relations
[P−, P iˆ] = −f2J+iˆ , [P iˆ, J+jˆ ] = −δ iˆjˆP+ , [P−, J+iˆ] = P iˆ , (5.11)
[P iˆ, J jˆkˆ] = δ iˆjˆP kˆ − δ iˆkˆP jˆ , [J+iˆ, J jˆkˆ] = δ iˆjˆJ+kˆ − δ iˆkˆJ+jˆ . (5.12)
Sometimes in what follows instead of generators P iˆ, J+iˆ we prefer to use complex frame
generators T iˆ, T¯ iˆ defined by
T iˆ = P iˆ − ifJ+iˆ , T¯ iˆ = P iˆ + ifJ+iˆ , (5.13)
which are related by hermitian conjugation rule T¯ iˆ = −T iˆ†. Thus the isometry symmetry
algebra is representable by the following seven generators
P−, P+, T iˆ, T¯ iˆ, J12 , isometry generators . (5.14)
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To find concrete representation for these generators we solve the equations for the Killing
vectors of isometry transformations
Dmξn +Dnξm = 0 . (5.15)
Well known representation for these Killing vectors in terms of differential operators
G = ξm∂m is given by
P± = ∂± , T iˆ = e−ifx
+
(∂ iˆ + ifxiˆ∂+) , J iˆjˆ = xiˆ∂ jˆ − xjˆ∂ iˆ . (5.16)
Because these seven generators form the isometry algebra the remaining eight generators
of the conformal algebra so(4, 2) are responsible for proper conformal transformations,
i.e. they scale the line element (5.10). To find these proper conformal generators we are
solving the equations for conformal Killing vectors in 4d plane wave background (5.10)
Dmξn +Dnξm =
1
2
gmnDkξ
k . (5.17)
Solution to these equations can be described by eight Killing vectors denoted by
D, C, C¯, C iˆ, C¯ iˆ, K−, proper conformal generators , (5.18)
where the complex-valued generators C iˆ, C¯ iˆ, C, C¯ are related by hermitian conjugation
rule C¯ iˆ = −C iˆ†, C¯ = −C†. Representation of these proper conformal generators in terms
of differential operators G = ξm∂m is fixed to be [64]
D = 2x−∂+ + x∂ , (5.19)
C = e−2ifx
+
(∂− − ifx∂ + f2x2∂+) , (5.20)
C iˆ = e−ifx
+
(
x−∂ iˆ − xiˆ∂− + if(−1
2
x2∂ iˆ + xiˆ(x−∂+ + x∂))− f
2
2
x2xiˆ∂+
)
, (5.21)
K− = −1
2
x2∂− + x−(x−∂+ + x∂) − f
2
4
(x2)2∂+ . (5.22)
Here and below we use the conventions
x2 ≡ xiˆxiˆ , x∂ ≡ xiˆ∂ iˆ , ∂2 ≡ ∂ iˆ∂ iˆ . (5.23)
Note that generators P+, J iˆjˆ (5.16), D (5.19) and K− (5.22) do not depend on evolution
parameter x+, i.e. they are commuting with plane wave time translation generator P−
(5.15). It is easy to see also that generators T iˆ, C (5.20) and C iˆ (5.21) are eigenvectors
of P− = ∂−. Straightforward inspection of generators (5.15),(5.19)-(5.22) demonstrates
that all these generators are also eigenvectors of D and transform in scalar or vector
representations of J12.
As mentioned before the isometry generators (5.15) and proper conformal generators
(5.18) form plane wave basis of the so(4, 2) algebra. Their commutation relations are
given in (5.37)-(5.42). It is instructive to relate generators (5.15)-(5.18) with generators
of so(4, 2) algebra taken in Lorentz basis Pm, Km, D, Jmn which satisfy well known rec-
ognizable commutation relations (5.1)-(5.3). This can be done in a rather straightforward
way by comparing commutation relations of generators in Lorentz basis (5.1)-(5.3) with
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the commutation relations in plane wave basis (5.37)-(5.42). Doing this we find an in-
terrelation between generators of the conformal algebra in Lorentz basis and the ones in
plane wave basis
P− = P− + f2K+ , P+ = P+ , J12 = J12 , (5.24)
T iˆ = Piˆ − ifJ+iˆ , T¯ iˆ = Piˆ + ifJ+iˆ , (5.25)
D = D− J+− , (5.26)
C = P− − f2K+ − if(D+ J+−) , C¯ = P− − f2K+ + if(D+ J+−) , (5.27)
C iˆ = J−iˆ + ifKiˆ , C¯ iˆ = J−iˆ − ifKiˆ , (5.28)
K− = K− . (5.29)
Note that the relations given in (5.25) and definition of T iˆ (5.13) imply matching the
transverse translations P iˆ and +iˆ Lorentz boosts J+iˆ:
P iˆ = Piˆ , J+iˆ = J+iˆ. (5.30)
As for R-symmetries so(6), these symmetries are obviously unbroken and therefore one
has the simple correspondence
JMN = JMN . (5.31)
Now let us turn to supercharges. What is required is to find the interrelation of super-
charges in plane wave and Lorentz bases. As in bosonic case the supercharges in plane
wave basis should, by definition, be eigenvectors of plane wave time translation gener-
ator P− and plane wave dilatation generator D. Because we have already established
interrelation of two bases in bosonic body of superalgebra the most straightforward way
to establish of interrelation of supercharges in two bases is to find linear combinations
of Lorentz basis supercharges Q, S so that this combinations be eigenvectors of plane
wave time translation generator P− and plane wave dilatation generator D. Because the
interrelation between bosonic generators is known we can establish similar interrelation
between supercharges in a rather straightforward way. Doing this we found that plane
wave basis supercharges can be collected into two sorts of supercharges which we denote
by Ω and S−. This is to say that the requirement these supercharges be eigenvectors of
generators P− and D fixes the following representation for sixteen component complex-
valued supercharge Ω and sixteen component real-valued supercharge S−
Ω = Q− if
2
γ¯+S+ , S− = S− . (5.32)
Here and below we use decomposition of Sα into plus and minus parts
S = S+ + S− , S+ =
1
2
γ−γ¯+S , S− =
1
2
γ+γ¯−S , (5.33)
while for Qα similar decomposition takes the form
Q = Q+ +Q− , Q+ =
1
2
γ¯−γ+Q , Q− =
1
2
γ¯+γ−Q . (5.34)
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The supercharges Ω and S− satisfy the algebraic constraints. Decomposing the super-
charge Ω as in (5.34)
Ω = Ω+ + Ω− , (5.35)
we have the constraints
Ω+† = Ω+ , γ¯+S− = 0 . (5.36)
These constraints are derivable from hermitian properties for generators Q, S given in
(5.9) and definitions given in (5.33). The first constraint in (5.36) tells us that though
the supercharge Ω is complex-valued its Ω+ part is real-valued. This implies that the
supercharge Ω has 24 real-valued components. The second constraint in (5.36) tells us
that there are only 8 real-valued components of S−. Thus the total number of real-valued
supercharges is equal to 32 as it should be.
Now we can write down commutation relations of the psu(2, 2|4) superalgebra in plane
wave basis. Because in this basis all generators are eigenvectors of P− and D it is con-
venient to introduce a notion of q(P−) and q(D) charges. Given generator G its qG(P−)
and qG(D) charges are defined by commutators
[P−, G] = −ifqG(P−)G , [D,G] = qG(D)G . (5.37)
These charges for generators of the psu(2, 2|4) superalgebra are given in Table 2.
TABLE 2: q(P−) and q(D) charges of generators of psu(2, 2|4) superalgebra
Generators
P+ T iˆ T¯ iˆ K− C iˆ C¯ iˆ C C¯ Ω− Ω¯− Ω+ S−
q - charges
qG(P
−) charge 0 1 −1 0 1 −1 2 −2 1 −1 0 0
qG(D) charge −2 −1 −1 2 1 1 0 0 0 0 −1 1
Note that the q-charges of the generators J iˆjˆ and JMN are equal to zero. Remaining
(anti)commutators can be collected in several groups.
Commutators between elements of isometry algebra are
[T¯ iˆ, T jˆ] = 2ifδ iˆjˆP+ , [T iˆ, J jˆkˆ] = δ iˆjˆT kˆ − δ iˆkˆT jˆ . (5.38)
Commutators between proper conformal generators are given by
[C¯ iˆ, C jˆ ] = 2iδ iˆjˆK− , [C¯, C] = −4ifP− , [C¯ i, C] = −2ifC i . (5.39)
Commutators between generators of isometry algebra and proper conformal generators
take the form
[P+, K−] = D , [P+, C iˆ] = T iˆ , [T iˆ, K−] = C iˆ , (5.40)
[T iˆ, C jˆ] = −δ iˆjˆC , [T iˆ, C¯] = 2ifT¯ iˆ , (5.41)
[C¯ iˆ, T jˆ] = δ iˆjˆ(P− + ifD) + 2ifJ iˆjˆ . (5.42)
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Commutators between isometry algebra and supercharges are
[T iˆ, Ω¯−] = ifγ¯+iˆΩ+ , [T iˆ, S−] = γ iˆΩ− , [P+, S−] = γ+Ω+ , (5.43)
[Ω±, J iˆjˆ] =
1
2
γ¯ iˆjˆΩ± , [S−, J iˆjˆ ] =
1
2
γ iˆjˆS− .
Commutators between proper conformal generators and supercharges are
[K−,Ω+] = −1
2
γ¯−S− , [C iˆ,Ω+] = −1
2
γ¯−iΩ− , [C iˆ, Ω¯−] = −ifγ¯ iˆS− , (5.44)
[C, Ω¯−] = 2if Ω− . (5.45)
In view of relations (5.31) commutators of so(6) algebra and commutators between
generators of the so(6) and supercharges in plane wave basis take the same form as in the
Lorentz basis (see last commutators in (5.3), (5.5),(5.6)).
Anticommutators between supercharges are
{Ω+,Ω+} = −2iγ¯−P+ , {Ω−,Ω−} = −2iγ¯+C , {S−, S−} = −4iγ+K− , (5.46)
{Ω¯−,Ω−} = −2iγ¯+P− + fγ¯+iˆjˆJ iˆjˆ − fγ¯+MNJMN , (5.47)
{Ω−,Ω+} = −iγ¯+γ−γ¯ iˆT iˆ , {Ω−, S−} = 2iγ¯+iˆC iˆ , (5.48)
{S−,Ω+} = −iγ+γ¯−D − i
2
γ+γ¯−γ iˆjˆJ iˆjˆ +
i
2
γ+γ¯−γMNJMN . (5.49)
Modulo (anti)commutators obtainable from the ones above-given by applying hermitian
conjugation, the remaining (anti)commutators are equal to zero.
Now let us match the symmetries generated by the psu(2, 2|4) superalgebra and the
ones generated by superalgebra of plane wave superstring (see Appendix B). Because
these superalgebras do not coincide we can match only some subset of generators of
these superalgebras. Let Gstr be generators of plane wave superstring superalgebra with
(anti)commutators given in Appendix B. Making use of Lorentz basis of the psu(2, 2|4)
superalgebra we find the following interrelations of the generators of the psu(2, 2|4) and
plane wave superstring superalgebra
P−str + 2fJ
34
str = P
− + f2K+ , P iˆstr = P
iˆ , P+str = P
+ , (5.50)
J+iˆstr = J
+iˆ , J12str = J
12 , J34str = J
34 , J i
′j′
str = J
i′j′ , (5.51)
1√
2
(Q1strγ
−+12 +Q2str) = Q−
f
2
γ+34S+ . (5.52)
Thus one can match explicitly 14 bosonic and 16 super symmetries of plane wave SYM and
corresponding 14 bosonic and 16 super- symmetries of plane wave superstring theory26.
26Interesting discussion of realization of conformal and Heisenberg algebras in plane wave CFT corre-
spondence may be found in [65].
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6 N=4 SYM in plane wave background
Our goal is to develop light cone formulation of N = 4 super YM theory in 4d plane
wave background. The most convenient way to do this is to start with covariant and
gauge invariant formulation. As compared to flat space the covariant formulation of
plane wave SYM becomes to be more complicated as in this case we deal with theory in
curved background27. Light cone gauge formulation leads to dramatic simplification. A
remarkable fact we demonstrate below is that the 3-point and 4-point interaction vertices
of light cone gauge action of plane wave SYM take the same form as the ones in the flat
space. The only difference of plane wave SYM as compared to the one in flat space is an
appearance of mass-like terms in the quadratic part of the action.
Following our strategy we start with covariant and gauge invariant action of SYM
theory defined on the 4d plane wave background with line element given in (5.10) To
simplify our presentation of the 4d SYM theory we use the standard trick of 10d notation.
We use 10d space-time which is direct product of 4d plane wave background (5.10) and
flat R6 Euclidean space. In this 10d space-time we introduce the 10d target space vector
Aµ, µ = 0, 1, . . . , 9. This vector is splitted into 4d plane wave target space vector Am,
m = 0, 1, 2, 9, and SO(6) vector AM = φ
M , M = 3, . . . , 8. The fermionic partner of Aµ is
a sixteen component spinor field ψα which in the 32 component notation corresponds to
positive chirality Majorana-Weyl spinor. Both the Aµ and ψ are transforming in adjoint
representation of certain gauge group. They can be decomposed into generators of Lie
algebra and are assumed to be anti-hermitian
Aµ = Aµ
ata , ψ = ψ
ata , Aµ
† = −Aµ , ψ† = −ψ . (6.1)
The Lagrangian of SYM in plane wave background is given by28
L = T´r − 1
4
F µνFµν − i
2
ψγµDµψ , (6.2)
where the gauge and Lorentz covariant derivative Dµ and the field strength Fµν are defined
to be
Dµψ = D
L
µψ + [Aµ, ψ] , D
L
m = ∂m −
f2
2
xiˆγ+iˆδ+m , D
L
M = ∂M , (6.3)
Fµ ν = ∂µAν − ∂νAµ + [Aµ, Aν] . (6.4)
In (6.2) and below the T´r denotes minus trace
T´rY ≡ −TrY . (6.5)
27Discussion of SYM theory in various curved backgrounds may be found in [66]. Plane wave SYM
does not fall in the cases considered in [66]. Detailed study of the Hamiltonian formulation of SYM in
R × S3 background may be found in [67]. Relevance of a curved background for SYM was discussed (in
the original AdS/CFT context) in [68].
28Note that because Richi scalar of 4d plane wave metric (5.10) is equal to zero the action (6.2) is
indeed describes conformal scalar fields. The target space γν-matrices are defined in terms of tangent
space ones as γν = e
ν
ν γν , where e
ν
ν is inverse to the basis of one forms eµ = eµν dx
ν , e
ν
ν eµν = δ
µ
ν . The
basis of eµ is specified in (6.7). Notation γ+, γ−, γI is used only for tangent space γ-matrices defined in
(A.3).
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All fields are assumed to be independent of six coordinates xM
∂MAµ = 0 , ∂Mψ = 0 . (6.6)
10d target space indices are contracted by metric tensor gµν, Aµ = gµνA
ν , which describes
4d plane wave space-time (5.10) × flat R6 Euclidean space. 10d tangent space vectors
Aµ, µ = 0, 1, . . . , 9, are defined in terms the target space ones as Aµ = eµµA
µ where basis
of one-forms eµ = eµµdx
µ is specified to be
e+ = dx+ , e− = dx− − f
2
2
xiˆxiˆdx+ , eI = dxI , I = 1, . . . , 8, (6.7)
so that we have
gµν =
(
gmn 0
0 δMN
)
, gµν = e
µ
µeν µ , gmn = e
m
menm , (6.8)
µ = (m,M); µ = (m,M); m,n = 0, 1, 2, 9; m,n = 0, 1, 2, 9; M,N = 3, . . . , 829.
The Lagrangian (6.2) is invariant with respect to the local gauge transformations and
the global psu(2, 2|4) superalgebra transformations. All these transformations are realized
on the space of covariant fields Aµ, ψ. Below we will be interested in transformations of
physical fields under action of psu(2, 2|4) superalgebra. These transformations can be
derived in a most straightforward way by starting with transformations of the covariant
fields Aµ, ψ. To fix our notation let us briefly discuss the latter transformations.
(i) Local gauge transformations take the standard well known form
δAµ = ∂µα+ [Aµ, α] , δψ = [ψ, α] . (6.9)
(ii) Global so(4, 2) conformal transformations. The transformations of fields under
action of the so(4, 2) algebra are given by the relations
δcovAm = ξn∂nA
m − An∂nξm + 1
2
√
g
(∂n
√
gξn)Am , (6.10)
δcovφM = ξn∂nφ
M +
1
4
√
g
(∂n
√
gξn)φM , (6.11)
δcovψ = (ξmDLm +
1
4
γmn∂mξn +
3
8
√
g
(∂n
√
gξn))ψ , (6.12)
where ξm are Killing vectors of the so(4, 2) algebra transformations. In plane wave basis
these vectors are given by relations (5.16), (5.19)-(5.22).
(iii) Global R-symmetries generated by so(6) algebra take the standard form.
(iv) Global plane wave supersymmetry transformations of the psu(2, 2|4) superalgebra.
In order to find these transformations it is convenient to start with transformation of
fields under action of supercharges taken to be in the Lorentz basis, i.e. basis of Q and S
supercharges. Transformation of fields in such a basis are well known and are given by
δcovAµ = iψγ¯µǫQ , δ
covψ =
1
2
F µνγµνǫQ − 2φMγMǫS , (6.13)
29In light cone frame µ, ν = +,−, 1, . . . , 8; µ, ν = +,−, 1, . . . , 8; m,n = +,−, 1, 2; m,n = +,−, 1, 2.
27
where ǫQ and ǫS are appropriate real-valued sixteen component Killing spinors which are
still to fixed. These Killing spinors can be found from the general formula
ǫ
Q
αQα + ǫSαS
α = gx(ǫ0QQ+ ǫ0SS)g
−1
x , (6.14)
where bosonic coset representative gx is defined by the relation
gx = exp(x
iˆP iˆ + x−P+) exp(x+P−) , (6.15)
and ǫ0Q and ǫ0S are constant sixteen component fermionic parameters. Note that the
Killing spinors above defined satisfy the equations
DLmǫQ = γmǫS , D
L
mǫS = −
f2
2
δ+mγ¯
+ǫ
Q
, (6.16)
which should be supplemented by initial conditions
ǫ
Q
|xm =0 = ǫ0Q , ǫS |xm =0 = ǫ0S . (6.17)
Explicit representation for Killing spinors can be derived then either from these equations
or from formula (6.14)30
ǫ
Q
=
1
2
(γ+γ¯− + γ−γ¯+ cos fx+)ǫ
0Q
+ (x−γ¯+ + xiˆγ¯ iˆ)ǫ
S
+ γ¯−
sin fx+
f
ǫ
0S
, (6.18)
ǫ
S
=
1
2
(γ¯−γ+ + γ¯+γ− cos fx+)ǫ
0S
− f
2
γ¯+ sin fx+ǫ
0Q
. (6.19)
Making use equations for Killing spinors (6.16) one can make sure that the action (6.2)
is indeed invariant with respect to transformations given in (6.13). Thus there are 32
Killing spinors which are responsible for 32 super(conformal) symmetries.
By using interrelation between the Lorentz basis supercharges Q, S and plane wave ba-
sis supercharges Ω, S− (5.32) we can bring Lorentz basis supersymmetry transformations
(6.13) to the plane wave basis supersymmetry transformations
δcov
Ω
Aµ = iψγ¯µǫ
Ω
, δcov
S−
Aµ = iψγ¯µ(x−γ+ + xiˆγ iˆ)ǫ
0S−
, (6.20)
δcov
Ω
ψ =
1
2
F µνγµνǫ
Ω
+ ifφMγM γ¯+ǫ
Ω
, (6.21)
δcov
S−
ψ =
1
2
F µνγµν(x−γ+ + xiˆγ iˆ)ǫ
0S−
− 2φMγMǫ
0S−
, (6.22)
where the plane wave basis Killing spinors ǫ
Ω
corresponding to the supercharge Ω is given
by
ǫ
Ω
= exp(− if
2
xiˆγ iˆγ¯+) exp(− if
2
x+γ−γ¯+)ǫ
0Ω
. (6.23)
The constant sixteen component spinors (ǫ
0Ω
)α, which is complex-valued, and (ǫ
0S−
)α,
which real-valued, subject to the constraints implemented by the ones for the supercharges
Ω, S− (5.36)
(ǫ−
0Ω
)† = ǫ−
0Ω
, γ−ǫ
0S−
= 0 . (6.24)
30The formula (6.14) can be used by exploiting the relations (5.24),(5.30) and commutation relations
given in (5.4)-(5.8).
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7 Hamiltonian light cone gauge dynamics of plane
wave SYM
Following the standard procedure we impose light cone gauge
A− = 0 , (7.1)
and plug this gauge into the covariant Lagrangian (6.2). Because such gauge fixed La-
grangian describes non-propagating field A+ we find that the equation of motions for A+
leads to the constraint
∂+A− = −∂IAI − 1
∂+
[AI , ∂+AI ] +
i
∂+
(ψ⊕γ¯+ψ⊕) , (7.2)
which allows us to express non-physical field31 A+ = A
− in terms of physical bosonic field
AI = (Aiˆ, AM = φM) and physical fermionic field ψ⊕, where
ψ = ψ⊕ + ψ⊖ , ψ⊕ =
1
2
γ−γ¯+ψ , ψ⊖ =
1
2
γ+γ¯−ψ . (7.3)
Fermionic field ψ⊖ also turns out to be non-propagating and therefore we find that equa-
tion of motion for ψ⊖ leads to the constraint which allows us to express the ψ⊖ in terms
of physical field ψ⊕
ψ⊖ = − 1
2∂+
γ+γ¯IDIψ⊕ , DIψ⊕ ≡ ∂Iψ⊕ + [AI , ψ⊕] . (7.4)
Plugging solution for A− and ψ⊖ into Lagrangian (6.2) we get light cone gauge Lagrangian
which can be presented as follows
L = L2 + L3 + L4 , (7.5)
where L2 describes quadratic part of Lagrangian while L3 and L4 describe 3-point and
4-point interaction vertices respectively. The quadratic part L2 is given by
L2 = T´r 1
2
AI✷AI − i
4
ψ⊕
γ¯+
∂+
✷ψ⊕ , (7.6)
where the covariant D’Alembertian operator in 4d plane wave background (5.10) defined
by standard relation ✷ = 1√
g
∂m
√
ggmn ∂n is given by
✷ = 2∂+∂− + ∂ iˆ∂ iˆ + f2xiˆxiˆ∂+∂+ . (7.7)
The 3-point and 4-point interaction vertices are given by
L3 = T´r − [AI , AJ ]∂IAJ − ∂JAJ 1
∂+
[AI , ∂+AI ] (7.8)
+ i∂IAI
1
∂+
(ψ⊕γ¯+ψ⊕) +
i
4
[AI , ψ⊕]
γ¯+γI γ¯J
∂+
∂Jψ⊕ +
i
4
∂Jψ⊕
γ¯+γJ γ¯I
∂+
[AI , ψ⊕] ,
31Note that after imposing light cone gauge (7.1) the relations between covariant and contr-variant
vectors are simplified A− = A
+ = 0, A+ = g+nA
n = A−.
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L4 = T´r − 1
4
[AI , AJ ]2 − 1
2
(
1
∂+
[AJ , ∂+AJ ])2
+
i
∂+
(ψ⊕γ¯+ψ⊕)
1
∂+
[AI , ∂+AI ] +
i
4
[AI , ψ⊕]
γ¯+γI γ¯J
∂+
[AJ , ψ⊕]
+
1
2
(
1
∂+
(ψ⊕γ¯+ψ⊕))2 . (7.9)
From these expressions it is easily seen that dimensionfull constant f does not appear
in the interaction vertices L3 and L4. In other words, the light cone gauge vertices of
SYM in plane wave background take the same form as the ones in flat Minkowski space.
This implies that many interesting investigations carried out previously in the literature
for the case of light cone gauge SYM theory in flat space can be extended in relatively
straightforward way to the case of SYM theory in plane wave background. All that is
required is to take into account the new modified kinetic term L2 (7.6). Note that this
extension is not straightforward because there are subtleties related to the mass-like terms
proportional in the covariant D’Alembertian operator (see f2-term in (7.7)). These mass
terms lead to discretization of the spectrum of the energy operator and this should be
taken into account upon quantization.
Light-cone gauge action of plane wave SYM theory
S =
∫
dx+d3x(L2 + L3 + L4) , d3x ≡ dx−dx1dx2 , (7.10)
can be brought into the Hamiltonian form
S =
∫
dx+d3x T´r(−∂+AI∂−AI − i
2
ψ⊕γ¯+∂−ψ⊕) +
∫
dx+P− , (7.11)
with the Hamiltonian H = −P−
P− =
∫
d3xP− , (7.12)
where the Hamiltonian density P− is given by
P− = T´r
(
−1
2
∂iˆA
J∂iˆA
J − f
2
2
x2(∂+AI)2 − i
4
ψ⊕
γ¯+
∂+
(∂2 + f2x2∂+2)ψ⊕
)
+ L3 + L4 . (7.13)
Applying standard methods to the action (7.10) we find the well known canonical Poisson-
Dirac brackets
[AI(x)a, AJ(x′)a
′
] |P.D. equal x+ = − 1
2∂+
δ(x− − x−′)δ(2)(x− x′)δIJ I´ a a′ , (7.14)
{ψ⊕α(x)a, ψ⊕β(x′)a′} |P.D. equal x+ = − i
2
(γ−)αβδ(x− − x−′)δ(2)(x− x′) I´ a a′ , (7.15)
where I´ a a
′
is a minus projector operator which we insert to respect the Lie algebra indices
of the physical fields AI and ψ⊕. All that is required this operator should satisfy the
relation
I´ a c T´r(tctb) = δ
a
b
. (7.16)
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Equation of motions for the physical fields AI and ψ⊕ takes then the standard Hamiltonian
form
∂−AI = [AI , P−]P.D. , ∂
−ψ⊕ = [ψ⊕, P−]P.D. . (7.17)
Here and below brackets [.., ..]P.D. stand for Poisson-Dirac brackets evaluated for equal
values of evolution parameter x+. In (7.17) and below the suffix ‘equal x+’ is implicit.
8 Global symmetries of N = 4 SYM in plane wave
background
In this section we discuss field theoretical realization of global supersymmetries of N = 4
SYM theory in plane wave background which are generated by psu(2, 2|4) superalgebra.
To do that we use the framework of Noether charges. The Noether charges play an
important role in analysis of the symmetries of dynamical systems. The choice of the
light cone gauge spoils manifest global symmetries, and in order to demonstrate that
these global invariances are still present, one needs to find the Noether charges that
generate them.
8.1 Bosonic Noether charges as generators of the psu(2, 2|4)
superalgebra
We start our discussion with bosonic Noether charges. These charges can be found fol-
lowing the standard procedure. Let Tmn be symmetric, conserved, and traceless energy-
momentum tensor
DmT
mn = 0 , Tmm = 0 , T
mn = T nm . (8.1)
For each Killing vector ξGm satisfying the equations (5.15) (or (5.17)) we can construct
conserved current Gm:
Gm = TmnξGn , ∂m(√gGm) = 0 . (8.2)
Making use of equations for Killing vectors (5.15),(5.17) and relations for energy - momen-
tum tensor given in (8.1) one can make sure that the currents (8.2) satisfy the conservation
law. Note that we use the coordinates given by (5.10) in which
√
g = 1 and therefore the
conservation law takes simplified form ∂mGm = 0. Appropriate bosonic charges G take
then the standard form
G =
∫
d3xT+nξ
Gn , (8.3)
where the measure d3x is defined in (7.10). The energy momentum tensor for N = 4, 4d
SYM (6.2) satisfying the requirements (8.1) is well known and is given by
T µν = T´r
(
F µρ F νρ +
i
4
ψ(γµDν + γνDµ)ψ
)
+∆T µ ν + gµνL , (8.4)
where ‘improving’ contribution given by
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∆Tmn =
1
6
(gmnDkD
k −DmDn +Rmn)T´rφ2 , ∆TMm = ∆TMN = 0 , (8.5)
is to respect traceless condition (8.1). While writing the expression for T µν (8.4) we take
into account that Richi curvature scalar in plane wave background (5.10) is equal to zero
R = 0. Note that the only non-zero component of Richi tensor is R−− = 2f2.
To evaluate the charges (8.3) we have to determine expressions for T+−, T+I , T++.
To this end we plug light cone gauge (7.1) and solution for non-physical fields (7.2), (7.4)
into expressions for energy-momentum tensor (8.4) and find32
T+− = P+ − 1
6
∂+∂+T´rφ2 , (8.6)
T+I = PI − 1
2
∂JMJI − 1
2
∂+(M−I −R−I)− 1
6
δI
iˆ
∂ iˆ∂+T´rφ2 , (8.7)
T++ = P− + 1
2
∂I(M−I +R−I) + 1
6
(✷− ∂+∂−)T´rφ2 , (8.8)
where D’Alembertian operator ✷ is defined by (7.7) and we introduce momentum densities
P+ ≡ T´r ∂+AJ∂+AJ + i
2
ψ⊕γ+∂+ψ⊕ , (8.9)
PI ≡ T´r ∂+AJ∂IAJ + i
2
ψ⊕γ+∂Iψ⊕ , (8.10)
P− = T´r
(
−1
2
∂IAJ∂IAJ − f
2
2
x2(∂+AI)2 − i
4
ψ⊕
γ+
∂+
(∂2I + f
2x2∂+2)ψ⊕
)
+ L3 + L4 , (8.11)
and spin densities33
MIJ ≡ T´r ∂+AIAJ − ∂+AJAI + i
4
ψ⊕γ+IJψ⊕ , (8.12)
M−I ≡ T´r − AI∂JAJ + AJ∂JAI + i
4
ψ⊕γ+γIγJ
∂J
∂+
ψ⊕
−AI 1
∂+
([AJ , ∂+AJ ]− iψ⊕γ+ψ⊕) . (8.13)
The expressions for 3-point and 4-point vertices L3, L3 which enter definition of Hamil-
tonian density P− (8.11),(7.13) are given in (7.8),(7.9). The density R−I which appears
in (8.7),(8.8) is given by
R−I ≡ T´r AI 1
∂+
([AJ , ∂+AJ ]− iψ⊕γ+ψ⊕)− i
4
ψ⊕
γ+γIγJ
∂+
[AJ , ψ⊕] . (8.14)
32In formulas (8.6)-(8.14) we keep dependence on six coordinates xM . To get expressions corresponding
to 4d SYM one needs to apply rules (6.6).
33The matrix MIJ should not be confused with the one given given in (C.17),(C.19).
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In contrast to the momentum and spin densities (8.9)-(8.13) the density R−I does not
contribute to charges.
Making use of general formula for charges (8.3), explicit representation for components
of energy-momentum tensor (8.6)-(8.8), and for Killing vectors (5.16), (5.19)-(5.22) we
can get explicit representation for charges in a rather straightforward way. For instance
field theoretical representation for kinematical generators of isometry transformations, i.e.
P+, T iˆ, and J iˆjˆ is given by
P+ =
∫
d3xP+ , (8.15)
T iˆ =
∫
d3x e−ifx
+
(P iˆ + ifxiˆP+) , (8.16)
J iˆjˆ =
∫
d3x(xiˆP jˆ − xjˆP iˆ +Miˆjˆ) . (8.17)
From these expressions it is easily seen that expressions for generators P+, J iˆjˆ coincide
with the ones in flat Minkowski space-time. Field theoretical representation for generators
of R-symmetries so(6) is given by
JMN =
∫
d3x T´r ∂+φMφN − ∂+φNφM + i
4
ψ⊕γ+MNψ⊕ . (8.18)
This expression for JMN obviously coincides with the one in flat space-time.
Field theoretical representation for generators of conformal transformations, i.e. D,
C, C iˆ and K−, is given by
D =
∫
d3x (2x−P+ + xiˆP iˆ) , (8.19)
C =
∫
d3x e−2ifx
+
(P− − ifxiˆP iˆ + f2x2P+) , (8.20)
C iˆ =
∫
d3x e−ifx
+
(
x−P iˆ − xiˆP− + if(−1
2
x2P iˆ + xiˆ(x−P+ + xjˆP jˆ)) (8.21)
− f
2
2
x2xiˆP+ +M−iˆ + ifMiˆjˆxjˆ
)
,
K− =
∫
d3x
(
−1
2
x2P− + x−(x−P+ + xiˆP iˆ)− f
2
4
(x2)2P+ +M−iˆxiˆ − T´rφ2
)
. (8.22)
Taking into account expressions for momentum densities (8.9),(8.10) it is easy to see that
dilatation generator D (8.19) is quadratic in fields, i.e. the D is a kinematical generator.
The remaining proper conformal generators C, C iˆ, and K− are realized non-linearly, i.e.
they can be considered as dynamical generators.
With the definition of charges given in (8.15)-(8.22) and commutation relations for
fields given in (7.14),(7.15) the transformation rules of the physical fields AI = (Aiˆ, AM =
φM) and ψ⊕ under action the conformal algebra so(4, 2) and so(6) algebra are given by
δGA
I = [AI , G]P.D. , δGψ
⊕ = [ψ⊕, G]P.D. . (8.23)
Discussion of some details of these transformations may be found in Appendix D.
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8.2 Noether supercharges as generators of
the superalgebra psu(2, 2|4)
In this section we describe field theoretical realization of supercharges of N = 4 plane
wave SYM theory. We start our discussion with description of supercurrents. As before
it is convenient to start with study of supercurrents taken to be in Lorentz basis. Because
in the Lorentz basis we deal with the supercharges Q, S we introduce corresponding su-
percurrents denoted by Qm and Sm. These supercurrents can be found by using standard
procedure and explicit expression for them can be fixed by using the formula
ǫ
0Q
Qm + ǫ
0S
Sm = T´r
1
2
ǫ
Q
γµνF µνγm ψ + 2ǫ
S
φMγMγm ψ , (8.24)
where ǫ
0Q
and ǫ
0S
are constant spinor while ǫ
Q
and ǫ
S
are the Killing spinor in 4d plane
wave background. These Killing spinors satisfy the defining equations (6.16) and explicit
solution to these equations is given in (6.18),(6.19). Making use of defining equations
for Killing spinors (6.16) and equations of motion for fields of SYM one can check that
super-currents (8.24) are indeed conserved
∂m(
√
gQm) = 0 , ∂m(
√
g Sm) = 0 . (8.25)
Explicit expressions for supercurrents Qm and Sm in terms of covariant fields can be
obtained by plugging solution to Killing spinors into (8.24)
Qm = T´r
1
4
(
γ−γ+ + γ+γ− cos fx+ − fγ+iˆxiˆ sin fx+
)
F µνγµνγm ψ
− f sin fx+γ+φMγMγm ψ , (8.26)
Sm = T´r
1
4
(γ+γ− + γ−γ+ cos fx+)(x−γ+ + xiˆγ iˆ)F µνγµνγm ψ
+ γ−
sin fx+
2f
F µνγµνγmψ + (γ+γ− + γ−γ+ cos fx+)φMγMγm ψ . (8.27)
The expressions for supercharges Q and S can be found then from m = + components of
the supercurrents (8.26),(8.27)
Q =
∫
d3xQm |m=+ , S =
∫
d3xSm |m=+ . (8.28)
Taking into account the interrelation of Lorentz basis supercharges and the ones of plane
wave basis (5.32) we find plane wave Noether supercharge
Ω =
∫
d3x T´r
1
2
exp(− if
2
x+γ+γ−) exp(− if
2
xiˆγ+γ iˆ)F µνγµνγ+ψ . (8.29)
Dividing the supercharge Ω into Ω+ and Ω− parts and working out an expression for
the remaining supercharge S− gives the following representation for the plane wave basis
Noether supercharges in terms of the covariant fields
Ω+ =
∫
d3x T´r
1
4
γ−γ+Fµνγ
µνγ+ψ , (8.30)
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Ω− =
∫
d3x T´r
1
4
e−ifx
+
(γ+γ− − ifγ+iˆxiˆ)Fµνγµνγ+ψ , (8.31)
S− =
∫
d3x T´r
1
4
γ+γ−(x−γ+ + xiˆγ iˆ)Fµνγ
µνγ+ψ + 2φMγMγ+ψ . (8.32)
In light cone frame these expressions take the form
Ω+ =
∫
d3x T´r (−2F+IγIψ⊕) , (8.33)
Ω− =
∫
d3x T´r e−ifx
+
(
−F+− + 1
2
γIJF IJ + ifxiˆγ iˆγJF+J
)
γ+ψ⊕ , (8.34)
S− =
∫
d3x T´r
(
2x−γIF+I + xiˆγ iˆ(−F+− + 1
2
γIJF IJ) + 2γMφM
)
γ+ψ⊕ . (8.35)
Note that while writing these expressions we have not used light cone gauge.
Light cone gauge representation for above-given supercharges in terms of physical fields
is obtainable then by using light cone gauge fixed field strengths. Such field strengths
can be obtained by plugging light cone gauge (7.1) and solution to constraints (7.2) into
covariant field strengths given in (6.4). Doing this we get the following light cone gauge
fixed field strengths
F+I = ∂+AI , F IJ = ∂IAJ − ∂JAI + [AI , AJ ] , (8.36)
F+− = −∂IAI − 1
∂+
[AI , ∂+AI ] +
i
∂+
(ψ⊕γ¯+ψ⊕) . (8.37)
Making use of these formulas we get the following useful relation to be inserted into
expression for supercharges Ω−, S−
−F+− + 1
2
γIJF IJ =
(
∂IAJ +
1
∂+
[AI , ∂+AJ ]
)
γIγJ − i
∂+
(ψ⊕γ¯+ψ⊕) . (8.38)
In Section 7 we demonstrated that the light cone gauge vertices of SYM in plane wave
background take the same form as the ones in flat Minkowski space-time. Now it can
easily be checked that on the surface of initial data x+ = 0 all bosonic and fermionic
Noether charges of plane wave SYM coincide with the ones of flat Minkowski space-time.
It is clear that underlying reason for these coincides is related with conformal invariance
of these SYM theories.
9 Transformations of physical fields under
action of psu(2, 2|4) superalgebra
Because the expressions for Noether charges are given entirely in terms of physical field
Aiˆ, AM = φM and ψ⊕ transformations of these fields under action of psu(2, 2|4) superal-
gebra could be found in principle by using formulas (8.23) and Poisson-Dirac brackets for
physical fields (7.14), (7.15). Here we discuss simpler method of deriving field transforma-
tions generated by psu(2, 2|4) algebra. Let us start our discussion with transformations
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generated by the bosonic symmetries which are so(4, 2)⊕so(6). Because realization of R-
symmetries of so(6) takes the standard form we proceed to discussion of transformations
generated by the conformal so(4, 2) algebra.
In order to find global transformations of physical fields we start with corresponding
global transformations of covariant fields supplemented with local gauge transformations
δGA
µ = δcovAµ +Dµ αG , δGψ = δ
covψ + [ψ, αG] , (9.1)
where global transformations of the covariant fields Aµ = (Am, φM) and ψ are given
in (6.10)-(6.12). As usual the parameter of gauge transformation αG corresponding to
global transformation generated by Noether charge G is fixed by the requirement that the
transformation (9.1) maintains the light cone gauge
δGA
+ = 0 . (9.2)
From this equation we can get solution to parameters of compensating gauge transfor-
mations. It turns out that parameters of compensating gauge transformations for the
isometry transformations generated by P+, T iˆ, J iˆjˆ and three proper conformal transfor-
mations generated by D and C are equal to zero
αP
+
= 0 , αT
iˆ
= 0 , αJ
iˆjˆ
= 0 , αD = 0 , αC = 0 , (9.3)
while the parameters corresponding to C iˆ and K− are given by
αC
iˆ
= −e−ifx+ 1
∂+
Aiˆ , αK
−
= − 1
∂+
xiˆAiˆ . (9.4)
Plugging the solutions parameters into (9.1) we can get desired transformations for physi-
cal fields. The transformations corresponding to isometry generators P+, T iˆ, J iˆjˆ are given
in (D.5)-(D.8) while the transformations corresponding to proper conformal generators
D, C, C iˆ, K− are listed below.
Proper conformal transformation of the physical spin 1 field Aiˆ:
δDA
iˆ = (ξD∂ + 1)Aiˆ , (9.5)
δCA
iˆ = (ξC∂ − ife−2ifx+)Aiˆ , (9.6)
δC jˆA
iˆ = (ξC
jˆ
∂ + ifxje−ifx
+
)Aiˆ − e−ifx+δ iˆjˆA−
+ife−ifx
+
(xkˆAkˆδ iˆjˆ − xiˆAjˆ)− e−ifx+Diˆ 1
∂+
Ajˆ , (9.7)
δK−A
iˆ = (ξK
−
∂ + x−)Aiˆ − xiˆA− −Diˆ 1
∂+
(xjˆAjˆ) . (9.8)
Proper conformal transformation of the scalar fields AM = φM :
δDφ
M = (ξD∂ + 1)φM , (9.9)
δCφ
M = (ξC∂ − ife−2ifx+)φM , (9.10)
δC iˆφ
M = (ξC
i
∂ + ife−ifx
+
xiˆ)φM − e−ifx+[φM , 1
∂+
Aiˆ] , (9.11)
δK−φ
M = (ξK
−
∂ + x−)φM − [φM , 1
∂+
xiˆAiˆ] . (9.12)
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Proper conformal transformation of the physical spin 1/2 field ψ⊕:
δDψ
⊕ = (ξD∂ + 2)ψ⊕ , (9.13)
δCψ
⊕ = (ξC∂ − ife−2ifx+)ψ⊕ , (9.14)
δC iˆψ
⊕ =
(
ξC
iˆ
∂ + e−ifx
+
(
3i
2
fxiˆ +
i
2
fγ iˆjˆxjˆ)
)
ψ⊕ +
1
2
e−ifx
+
γ−iˆψ⊖ + [ψ⊕, αC
iˆ
] , (9.15)
δK−ψ
⊕ = (ξK
−
∂ + 2x−)ψ⊕ +
1
2
γ−iˆxiˆψ⊖ + [ψ⊕, αK
−
] . (9.16)
Solutions to the non-physical fields A−, ψ⊖ to be inserted in these expressions are given
by (7.2), (7.4), while the expressions for Killing vectors in terms of differential operators
ξG∂ ≡ ξGm∂m are given in (5.19)-(5.22). Replacing in above given transformations rules
the time derivatives of physical fields by the commutator with Hamiltonian (7.17) we get
famous off-shell light cone realization of global symmetries.
9.1 Supersymmetry transformations of physical fields
Supersymmetry transformations of physical fields can be fixed by using the same proce-
dure as in previous section. As before we start with general transformation rules (9.1)
where the supersymmetry transformations of covariant fields on r.h.s. are given by (6.20)-
(6.22). Before to proceed to transformations of physical fields let us cast the transfor-
mations rules of covariant fields into more convenient form. In light cone formalism it is
convenient to divide explicitly the supersymmetry transformations into the ones gener-
ated by supercharges Ω+ and Ω−. This can be made in a straightforward way by using
formulas for Ω transformations given in (6.20)-(6.22). In transparent form supersymmetry
transformations in basis formed by supercharges Ω±, S− take then the form
δcov
Ω+
Aµ = iψγ¯µǫ
0Q+
, (9.17)
δcov
Ω−
Aµ = ie−ifx
+
ψγ¯µ(1 +
if
2
xiˆγ+iˆ)ǫ
0Ω−
, (9.18)
δcov
S−
Aµ = iψγ¯µ(x−γ+ + xiˆγ iˆ)ǫ
0S−
, (9.19)
δcov
Ω+
ψ =
1
2
F µνγµνǫ
0Ω+
, (9.20)
δcov
Ω−
ψ =
1
2
e−ifx
+
F µνγµν(1 +
if
2
xiˆγ+iˆ)ǫ
0Ω−
+ ife−ifx
+
φMγM γ¯+ǫ
0Ω−
, (9.21)
δcov
S−
ψ =
1
2
F µνγµν(x−γ+ + xiˆγ iˆ)ǫ
0S−
− 2φMγMǫ
0S−
, (9.22)
where the constant parameters of transformations satisfy the constraints
γ¯+ǫ
0Ω+
= 0 , γ¯−ǫ
0Ω−
= 0 , γ−ǫ
0S−
= 0 . (9.23)
Now we plug these transformations rules on r.h.s. of (9.1) and from the requirement (9.2)
we find solution to the parameters of compensating gauge transformations
αΩ
+
= 0 , αΩ
−
= − i
∂+
e−ifx
+
ψ⊕γ¯+ǫ
0Ω−
, αS
−
= − i
∂+
ψ⊕γ¯+iˆxiˆǫ
0S−
. (9.24)
37
Plugging these compensating parameters into (9.1) we get the desired supersymmetry
transformations of the physical fields AI = (Aiˆ, AM = φM) and ψ⊕:
δ
Ω+
AI = iψ⊕γ¯Iǫ
0Q+
, (9.25)
δ
Ω−
AI = ie−ifx
+
(ψ⊖γ¯I +
if
2
xjˆψ⊕γ¯Iγ+jˆ)ǫ
0Ω−
+DIαΩ
−
, (9.26)
δ
S−
AI = i(x−ψ⊕γ¯Iγ+ + xjˆψ⊖γ¯Iγ jˆ)ǫ
0S−
+DIαS
−
, (9.27)
δ
Ω+
ψ⊕ = γ−IF+Iǫ
0Ω+
, (9.28)
δ
Ω−
ψ⊕ = e−ifx
+
(F+− +
1
2
γIJF IJ − ifF+JγJ γ¯ iˆxiˆ)ǫ
0Ω−
+ [ψ⊕, αΩ
−
] , (9.29)
δ
S−
ψ⊕ =
(
(F+− +
1
2
γIJF IJ)xkˆγkˆ − 2x−F+JγJ − 2γMφM
)
ǫ
0S−
+ [ψ⊕, αS
−
] . (9.30)
The expressions for the non-physical field ψ⊖ and gauge fixed field strengths to be inserted
in these formulas may be found in (7.4),(8.36),(8.37).
10 Conclusions
To summarize, we have found the supersymmetric action for a D3 brane probe propa-
gating in plane wave Ramond-Ramond background. The action is given by (2.1)–(2.5)
with the closed 5-form defining the WZ term given in (2.13). This action is world-volume
reparametrisation invariant and κ-invariant. Its advantage is that it is manifestly invariant
under the symmetries of plane wave vacuum: 30 bosonic isometries and 32 supersymme-
tries. It does not have a particularly simple form when written in terms of the coordinates
(x, θ), even using the closed expressions for the Cartan 1-forms in terms of θ (see Appendix
C).
The action can be put in a more explicit form by imposing various kappa symmetry
gauges. For instance to establish a connection to the abelian N = 4 SYM theory as
discussed in the Introduction we
(i) fix the κ-symmetry gauge in a way that simplifies the fermionic part of the action.
(ii) fix the static gauge so that the D3 probe is oriented parallel to the D3 source.
After fixing the local symmetry gauges only the bosonic seven isometry symmetries
of 4d plane wave background, the seven R-symmetries SO(2) × SO′(4), and 16 super-
symmetries of the original symmetries remain unbroken, while the remaining 16 bosonic
and 16 supersymmetries are broken and realized non-linearly. Interesting fact is that
the number of unbroken space-time symmetries (seven isometry symmetries of 4d plane
wave background) is equal to the number of unbroken R-symmetries (seven symmetries
of SO(2)× SO′(4)). Note also that the number of broken bosonic symmetries is equal to
the number of broken supersymmetries.
We developed the Hamiltonian light cone gauge formulation of plane wave SYM and
demonstrated that in contrast to covariant and gauge invariant formulation the 3-point
and 4-point light cone gauge vertices of plane wave SYM theory takes exactly the same
form as the ones of SYM in flat Minkowski space-time.
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The results presented here should have a number of interesting applications and gen-
eralizations, some of which are:
1. In Refs. [20, 69] various improvements of the original BMN operators [3] were
suggested. We expect that study based on analysis of conformal properties of plane wave
SYM which we performed in this papers together with ideas and approaches of Refs.
[70, 71] should allow us to derive BMN operators from first principles and fix their precise
form.
2. In this paper we develop light cone gauge formulation of plane wave SYM using
field component formulation. As in flat space [72] the plane wave SYM could also be
reformulated in terms of unconstrained light cone superfield. It would be interesting then
to apply such superfield formulation to the study of BMN conjecture [3] along the line of
Ref. [22].
3. The plane wave background (5.10) can be obtained from the R×S3 space-time via
the Penrose limit. Indeed consider the line element of R× S3
ds2 = −dt2 +R2(cos2 θdψ2 + dψ2 + sin2 θdϕ2) , (10.1)
where R is a radius of S3. Introducing the coordinates x±, xiˆ
t =
√
2 fRx+ − x
−
2
√
2 fR
, ψ =
√
2 fx+ +
x−
2
√
2 fR2
, θ =
|x|
R
, (10.2)
|x| = (xiˆxiˆ)1/2, and taking the Penrose limit R → ∞ we get the line element of plane
wave background (5.10). Making use of relations
∂t = −iH = −i∆
R
, ∂x+ = −iHl.c. = −iEl.c. , ∂x− = ip+ , ∂ψ = iJ , (10.3)
we find then the relations between light cone energy El.c. and momentum p
+ of (states)
operators of plane wave SYM and conformal dimension ∆ and angular momentum J of
(states)operators of SYM in R× S3 space-time
El.c. =
√
2 f(∆− J) , p+ = ∆+ J
2
√
2 fR2
. (10.4)
Taking into account these relations and interrelations of ∆ and J with plane wave su-
perstring energy and momentum p+ found in [3] it seems highly likely that new duality
[3] can be re-formulated as interrelations between light cone energies and p+ momenta
of (states) operators of 4d plane wave SYM and (states) operators of 10d plane wave
superstring theory
El.c.(pw SYM) ∼ El.c.(pw string) , p+(pw SYM) ∼ p+(pw string) . (10.5)
It is desirable to understand these interrelations better.
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Appendix A Notation and conventions
We use the following conventions for the indices:
µ, ν, ρ = 0, 1, . . . , 9 so(9, 1) vector indices (tangent space indices)
µ, ν, ρ = 0, 1, . . . , 9 Sects. 2-4: coordinate indices of 10d plane wave background
µ, ν, ρ = 0, 1, . . . , 9 Sects.5-9: coordinate indices of 4d plane wave×R6 background
I, J,K, L = 1, . . . , 8 so(8) vector indices (tangent space indices)
M,N,= 3, . . . , 8 so(6) vector indices (tangent space indices)
i, j, k, l = 1, . . . , 4 so(4) vector indices (tangent space indices)
i′, j′, k′, l′ = 5, . . . , 8 so′(4) vector indices (tangent space indices)
iˆ, jˆ, kˆ,= 1, 2 so(2) vector indices (tangent space indices)
a, b = 0, 1, 2, 9 4-d D3 brane world-volume coordinate indices
m,n = 0, 1, 2, 9 4d plane wave space-time coordinate indices
m,n = 0, 1, 2, 9 so(3, 1) tangent space indices
α, β, γ = 1, . . . , 16 so(9, 1) spinor indices in chiral representation
I,J = 1, 2 labels of the two real MW spinors
We suppress the flat space metric tensor ηµν = (−,+, . . . ,+) in scalar products, i.e.
XµY µ ≡ ηµνXµY ν . We decompose xµ into the light cone and transverse coordinates:
xµ = (x+, x−, xI), xI = (xi, xi
′
), where x± ≡ 1√
2
(x9 ± x0). The scalar products of tangent
space vectors are decomposed as
XµY µ = X+Y − +X−Y + +XIY I , XIY I = X iY i +X i
′
Y i
′
. (A.1)
We use the chiral representation for the 32 × 32 Dirac matrices Γµ in terms of the
16× 16 matrices γµ
Γµ =
(
0 γµ
γ¯µ 0
)
, (A.2)
γµγ¯ν + γν γ¯µ = 2ηµν , γµ = (γµ)αβ , γ¯µ = γµαβ , (A.3)
γµ = (1, γI , γ9) , γ¯µ = (−1, γI , γ9) , α, β = 1, . . . 16 . (A.4)
We adopt the Majorana representation for Γ-matrices, C = Γ0, which implies that all
γµ matrices are real and symmetric, γµαβ = γ
µ
βα, (γ
µ
αβ)
∗ = γµαβ . As in [2] γ
µ1...µk are the
antisymmetrized products of k gamma matrices, e.g., (γµν)αβ ≡ 12(γµγ¯ν)αβ − (µ ↔ ν),
(γ¯µν)α
β ≡ 1
2
(γ¯µγν)α
β − (µ ↔ ν), (γµνρ)αβ ≡ 1
6
(γµγ¯νγρ)αβ ± 5 terms. Note that (γµνρ)αβ
are antisymmetric in α, β while (γµ1...µ5)αβ is symmetric. We assume the normalization
Γ11 ≡ Γ0 . . .Γ9 =
(
I16 0
0 −I16
)
, γ0γ¯1 . . . γ8γ¯9 = I16 . (A.5)
We use the following definitions Παβ ≡ (γ1γ¯2γ3γ¯4)αβ, (Π′)αβ ≡ (γ5γ¯6γ7γ¯8)αβ. Because of
the relation γ0γ¯9 = γ+− the normalization condition (A.5) takes the form γ+−ΠΠ′ = 1.
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The 32-component positive chirality spinor θ and the negative chirality spinor Q are
decomposed in terms of the 16-component spinors as
θ =
(
θα
0
)
, Q =
(
0
Qα
)
. (A.6)
The complex Weyl spinor θ is related to the two real Majorana-Weyl spinors θ1 and θ2 by
θ =
1√
2
(θ1 + iθ2) , θ¯ =
1√
2
(θ1 − iθ2) . (A.7)
The short-hand notation like θ¯γ¯µθ and γ¯µθ stand for θ¯αγµαβθ
β and γµαβθ
β respectively.
Appendix B Plane wave Ramond-Ramond super-
algebra
Plane wave Ramond-Ramond superalgebra contains ten translation generators P µ (in light
cone frame P+, P−, P I , I = 1, . . . 8), eight Lorentz boosts J+I , six generators of SO(4)
rotations, J ij, i, j = 1, . . . , 4, six generators of SO′(4) rotations, J i
′j′, i′, j′ = 5, . . . , 8 and
two sixteen component real-valued spinor QIα, I = 1, 2, α = 1, . . . , 16. In the 32 spinor
component notation the QIα correspond to two negative chirality Majorana-Weyl spinors
(see (A.6)). Commutation relations between the even generators are given by34
[P−, P I ] = −f2J+I , (B.1)
[P I , J+J ] = −δIJP+ , [P−, J+I ] = P I , (B.2)
[P i, J jk] = δijP k − δikP j , [P i′, J j′k′] = δi′j′P k′ − δi′k′P j′ , (B.3)
[J+i, J jk] = δijJ+k − δikJ+j , [J+i′ , J j′k′] = δi′j′J+k′ − δi′k′J+j′ , (B.4)
[J ij , Jkl] = δjkJ il + 3 terms , [J i
′j′, Jk
′l′] = δj
′k′J i
′l′ + 3 terms , (B.5)
where f is a dimensionful parameter.
Commutation relations between the even and odd parts are
[J ij , QIα] =
1
2
QIβ(γ
ij)βα , [J
i′j′, QIα] =
1
2
QIβ(γ
i′j′)βα , (B.6)
[J+I , QIα] =
1
2
QIβ(γ
+I)βα , [P
µ, QIα] = −
f
2
τIJ2 Q
J
β (Πγ
+γ¯µ)βα , (B.7)
The anticommutator takes the form
{QIα, QJβ } = −2iδIJ γµαβP µ − 2ifτIJ2
(
(γ¯iΠ)αβJ
+i + (γ¯i
′
Π′)αβJ
+i′
)
+ ifτIJ2
(
(γ¯+γijΠ)αβJ
ij + (γ¯+γi
′j′Π′)αβJ
i′j′
)
, (B.8)
34This algebra was found in [1] as an algebra of isometry symmetries of plane wave Ramond-Ramond
solution of IIB supergravity. Derivation of this superalgebra from the super-AdS5 × S5 algebra by the
Inonu-Wigner contractions may be found in [25]. Discussion of the corresponding plane wave solution of
11d supergravity is given in [73, 74]. Plane wave supermembrane and matrix theories were investigated
in [75] and [76] (see also [77] for some related studies).
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where τ2 is defined in (C.3). All the other commutators and anticommutators vanish. The
bosonic generators are assumed to be anti-hermitian while the fermionic generators are
hermitian, (QIα)
† = QIα. The generators of the full transformation group G of the plane
wave RR superspace are P µ, QIα, J
ij , J i
′j′, J+I . The generators of the stability subgroup
H are J ij , J i
′j′, J+I . The plane wave RR superspace is defined then as coset superspace
G/H . The specific choice of the representative of supercoset which we use frequently in
this paper is given by
G(x, θ) = ex
+P−ex
−P++xIP Ieθ
αIQIα . (B.9)
Representation of the bosonic generators of plane wave superalgebra in terms of Killing
vectors acting on the superspace (x+, x−, xI , θαI) defined by (B.9) takes the form
P± = ∂± , (B.10)
P I = cos fx+∂I + f sin fx+xI∂+ − f
2
sin fx+∂θαI (γ
+I)αβθ
βI , (B.11)
J+I =
sin fx+
f
∂I − cos fx+xI∂+ + 1
2
cos fx+∂θαI (γ
+I)αβθ
βI , (B.12)
JIJ = xI∂J − xJ∂I + 1
2
∂θαI (γ
IJ)αβθ
βI , (B.13)
where just the so(4)⊕ so′(4) part of JIJ which is given by J ij , J i′j′ enters the plane wave
superalgebra. Complete expressions for fermionic generators QIα are complicated and not
illuminating. Leading terms of their expansion in fermionic coordinates are given by
ǫ0Q = ǫ
αI(x)∂θαI − ieνν ǫ(x)γνΘ∂xν +O(Θ2∂Θ,Θ3) , (B.14)
where the Killing spinor ǫ(x) is defined by relation (2.23). In light cone gauge only the
terms shown explicitly in (B.14) gives non-zero contribution to supercharge QIα. In above
expressions the fermionic partial derivatives are defined to be ∂θαI = ∂/∂θ
αI and we use
the following conventions for bosonic partial derivatives
∂+ ≡ ∂− = ∂
∂x−
, ∂− ≡ ∂+ = ∂
∂x+
, ∂I ≡ ∂I = ∂
∂xI
. (B.15)
Appendix C Basic relations for Cartan forms on
coset superspace
The left-invariant Cartan 1-forms L
...
= dXA L
...
A , X
A = (xν , θαI) are defined by
G−1dG = LµP µ +
1
2
LµνJµν + LαIQIα , (C.1)
where G = G(x, θ) is a coset representative plane wave supergroup. Lµ are the 10-beins,
LαI , (LαI)† = LαI , are the two spinor 16-beins and Lµν (L+µ = 0, Lij
′
= 0) are the Cartan
connections. The two 16 component Cartan 1-forms LIα and fermionic coordinates θIα
are combined into 2-vectors
Lα =
(
L1α
L2α
)
, Θα =
(
θ1α
θ2α
)
. (C.2)
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Throughout this paper we use 2× 2 matrices τ1, τ2, τ3 defined to be
τ1 =
(
0 1
1 0
)
, τ2 =
(
0 1
−1 0
)
τ3 =
(
1 0
0 −1
)
. (C.3)
Complex notation fermionic Cartan 1-forms Lα, L¯α are defined as in (A.7). The Cartan
1-forms satisfy the Maurer-Cartan equations implied by the basic symmetry superalgebra
dLµ = −Lµν ∧ Lν − iLγ¯µ ∧ L , (C.4)
dL = −1
4
Lµνγµν ∧ L− f
2
LµΠγ+γ¯µτ2 ∧ L . (C.5)
We note that we use the following sign conventions under permutations of Cartan 1-forms:
Lµ ∧ Lν = −Lν ∧ Lµ , Lµ ∧ Lα = −Lα ∧ Lµ , Lα ∧ Lβ = Lβ ∧ Lα . (C.6)
It is often (while analysis of kappa-invariance and etc) useful to use the following expres-
sions for the variations of Cartan 1-forms which are also implied by the structure of the
basic symmetry superalgebra
δLµ = dδ̂xµ + Lν δ̂xνµ + Lµν δ̂xν + 2iLγ¯µδ̂Θ , (C.7)
δL = dδ̂Θ+
f
2
LµΠγ+γ¯µτ2δ̂Θ+
1
4
Lµνγµν δ̂Θ
− f
2
δ̂xµΠγ+γ¯µτ2L− 1
4
δ̂xµνγµνL . (C.8)
where
δ̂xµ ≡ δXA LµA , δ̂xµν ≡ δXA LµνA , δ̂Θα ≡ δXA LαA . (C.9)
A specific choice of G(x, θ) which we use in this paper is
G = g(x)eθ
αIQIα , (C.10)
where g(x) is a bosonic body of coset representative of, i.e. x = (xµ) provides a certain
parametrization of plane wave background which may be kept arbitrary.35 Let us make
the rescaling θ → tθ and introduce
Lµt (x,Θ) ≡ Lµ(x, tΘ) , Lµνt (x, tΘ) ≡ Lµν(x, tΘ) , Lt(x,Θ) ≡ L(x, tΘ) , (C.11)
with the initial condition
Lµt=0 = e
µ , Lµνt=0 = ω
µν , Lt=0 = 0 , (C.12)
where eµ, ωµν , ω+µ = 0, ωij
′
=0, are the vielbeins and the Lorentz connections for plane
wave RR background. Then the defining equations for the Cartan 1-forms are
∂tLt = dΘ+
1
4
Lµνt γ
µνΘ+
f
2
LµtΠγ
+γ¯µτ2Θ , (C.13)
∂tL
µ
t = −2iΘγ¯µLt , (C.14)
∂tL
−i
t = −2ifΘγ¯iΠτ2Lt , ∂tL−i
′
t = −2ifΘγ¯i
′
Π′τ2Lt , (C.15)
∂tL
ij
t = 2ifΘγ¯
+γijΠτ2Lt , ∂tL
i′j′
t = 2ifΘγ¯
+γi
′j′Π′τ2Lt . (C.16)
35The use of a concrete parametrization for θ is needed, however, to find the representation for the
2-form F which enters the BI action (see below). As in the flat space case [33], F cannot be expressed in
terms of the Cartan forms only.
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While the relations (C.1)–(C.8) are valid in an arbitrary parametrization of the coset
superspace, the relations (C.13)–(C.16) apply only in the parametrization of (C.10). The
equations (C.13)–(C.16) can be solved in a rather straightforward way
L =
sinhM
M DΘ , L
µ = eµ − 2iΘ γ¯µ coshM− 1M2 DΘ , (C.17)
where covariant differential DΘ and matrix M are defined to be
DΘ =
(
d+
1
4
ωµνγµν +
f
2
eµΠγ+γ¯µτ2
)
Θ , (C.18)
(M2)IJ αβ = −if
(
(Πγ+γ¯µτ2θ)
αI(θγ¯µ)Jβ + (γ
+iθ)αI(θτ2γ¯
iΠ)Jβ + (γ
+i′θ)αI(θτ2γ¯
i′Π′)Jβ
)
+
if
2
(
(γijθI)α(θτ2γ¯
+γijΠ)Jβ + (γ
i′j′θI)α(θτ2γ¯
+γi
′j′Π′)Jβ
)
, (C.19)
Note that in many formal calculations it is more convenient to use directly the defin-
ing equations (C.13)–(C.16) rather then the explicit solution above given (in complex
parametrization this solution was given in [2]).
Appendix D Action of conformal algebra symme-
tries on physical fields
In this Appendix we give more details about field theoretical realization of the conformal
algebra generators and transformations rules of the SYM physical fields and extend these
results to the case of plane wave massless arbitrary spin fields. Let us start our discussion
with generators of isometry symmetries which are P+, T iˆ, J iˆjˆ. Plugging momentum
and spin densities (8.9)-(8.13) into expressions (8.15)-(8.17) we get the following explicit
representation for generators
P+ =
∫
d3x T´r ∂+AIr0(P
+)AI +
i
2
ψ⊕γ+r0(P
+)ψ⊕ , (D.1)
T iˆ =
∫
d3x T´r ∂+AIr0(T
iˆ)AI +
i
2
ψ⊕γ+r0(T
iˆ)ψ⊕ , (D.2)
J iˆjˆ =
∫
d3x T´r ∂+ALr0(J
iˆjˆ)AL +
i
2
ψ⊕γ+r0(J
iˆjˆ)ψ⊕
+ ∂+AiˆAjˆ − ∂+AjˆAiˆ + i
4
ψ⊕γ+iˆjˆψ⊕ , (D.3)
where we use the following conventions for differential operators acting on the physical
fields AI , ψ⊕
r0(P
+) = ∂+ , r0(T
iˆ) = e−ifx
+
(∂ iˆ + ifxiˆ∂+) , r0(J
iˆjˆ) = xiˆ∂ jˆ − xjˆ∂ iˆ . (D.4)
Making use of commutation relations (7.14),(7.15) we get the following transformations
of fields under action of isometry symmetries generated by P+ and T iˆ
[AI , P+] = r0(P
+)AI , [ψ⊕, P+] = r0(P
+)ψ⊕ , (D.5)
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[AI , T iˆ] = r0(T
iˆ)AI , [ψ⊕, T iˆ] = r0(T
iˆ)ψ⊕ . (D.6)
Action of isometry so(2) rotations generated by J iˆjˆ takes the form
[Akˆ, J iˆjˆ] = r0(J
iˆjˆ)Akˆ + δkˆiˆAjˆ − δkˆjˆAiˆ , [φM , J iˆjˆ ] = r0(J iˆjˆ)φM , (D.7)
[ψ⊕, J iˆjˆ ] = (xiˆ∂ jˆ − xjˆ∂ iˆ + 1
2
γ iˆjˆ)ψ⊕ . (D.8)
Now we turn to discussion of the proper conformal generators and the transformations
rules of the physical fields. Complete expressions for the generators and the transforma-
tions are given in (8.19)-(8.22) and (9.5)-(9.16). Because we are going to consider an
arbitrary spin field we restrict ourselves to the linear transformations, i.e. to the ones
generated by parts of the generators which are quadratic in fields. Introducing notation
G(2) for parts of generators which are quadratic in physical fields and plugging momentum
and spin densities (8.9)-(8.13) into expressions (8.19)-(8.22) we get the following explicit
representation for generators
D(2) =
∫
d3x T´r ∂+AIr0(D)A
I +
i
2
ψ⊕γ+r0(D)ψ
⊕ , D(2) = D , (D.9)
C(2) =
∫
d3x T´r ∂+AIr0(C)A
I +
i
2
ψ⊕γ+r0(C)ψ
⊕ , (D.10)
C iˆ(2) =
∫
d3x T´r
(
∂+AIr0(C
iˆ)AI +
i
2
ψ⊕γ+r0(C
iˆ)ψ⊕
)
+ e−ifx
+
(M−iˆ(2) + ifMiˆjˆxjˆ) , (D.11)
K−(2) =
∫
d3x T´r
(
∂+AI(r0(K
−)− 1
2∂+
)AI +
i
2
ψ⊕γ+r0(K
−)ψ⊕ − φ2
)
+M−iˆ(2)xiˆ , (D.12)
where we use the following notation for differential operators acting on the physical fields
r0(D) = 2x
−∂+ + x∂ , (D.13)
r0(C) = e
−2ifx+(− 1
2∂+
∂2 − ifx∂ + f
2
2
x2∂+) , (D.14)
r0(C
iˆ) = e−ifx
+
(
x−∂ iˆ +
1
2∂+
xiˆ∂2 + if(−1
2
x2∂ iˆ + xiˆ(x−∂+ + x∂))
)
, (D.15)
r0(K
−) =
1
4∂+
x2∂2 + x−(x−∂+ + x∂) . (D.16)
These differential operators are obtainable from the ones given in (5.19)-(5.22) my making
the following substitution there
∂− → − 1
2∂+
∂2 − f
2
2
x2∂+ . (D.17)
This substitution reflects simply the fact that we are using equations of motion in ex-
pressions for generators. Making use of the commutation relations (7.14),(7.15) gives the
following transformation rules under action of plane wave dilatation operator
[AI , D] = (r0(D) + 1)A
I , [ψ⊕, D] = (r0(D) + 2)ψ
⊕ . (D.18)
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Appearance of the unusual factor 2 in transformation of fermionic field under action plane
wave dilatation generator D (D.18) can be understood from the relation (5.26).
Now we consider action of the remaining conformal transformations generated by C,
C iˆ, and K−. We find that the transformations rules of the physical fields AI , ψ⊕ under
action of the generator C(2) take the same form:
[AI , C(2)] = (r0(C)− ife−2ifx+)AI , [ψ⊕, C(2)] = (r0(C)− ife−2ifx+)ψ⊕ . (D.19)
As to the transformations generated by C iˆ(2), and K
−
(2) they take different form
[Aiˆ, C jˆ(2)] = (r0(C
jˆ) + ifxjˆe−ifx
+
)Aiˆ + e−ifx
+
(
∂kˆ
∂+
+ ifxkˆ)(δ iˆjˆAkˆ − δ iˆkˆAjˆ) , (D.20)
[φM , C iˆ(2)] = (r0(C
iˆ) + ifxiˆe−ifx
+
)φM , (D.21)
[ψ⊕, C iˆ(2)] =
(
r0(C
iˆ) + (
∂ iˆ
2∂+
+
3i
2
fxiˆ)e−ifx
+
+
1
2
e−ifx
+
(
∂kˆ
∂+
+ ifxkˆ)γ iˆkˆ
)
ψ⊕ , (D.22)
[Aiˆ, K−(2)] = (r0(K
−) + x− − 1
∂+
)Aiˆ + xjˆ
∂kˆ
∂+
(δ iˆjˆAkˆ − δ iˆkˆAjˆ) , (D.23)
[φM , K−(2)] = (r0(K
−) + x−)φM , (D.24)
[ψ⊕, K−(2)] =
(
r0(K
−) + 2x− +
1
2∂+
x∂ +
1
2
γ iˆjˆxiˆ
∂ jˆ
∂+
)
ψ⊕ . (D.25)
These transformations can be cast however into a unifying form. To this end we introduce
a new fermionic field ψ⊕ = (∂+)1/2ψ˜⊕ and get the following transformations
[ψ˜⊕, C iˆ(2)] =
(
r0(C
iˆ) + ifxiˆe−ifx
+
+
1
2
e−ifx
+
(
∂kˆ
∂+
+ ifxkˆ)γ iˆkˆ
)
ψ˜⊕ , (D.26)
[ψ˜⊕, K−(2)] =
(
r0(K
−) + x− − 1
4∂+
+
1
2
γ iˆjˆxiˆ
∂ jˆ
∂+
)
ψ˜⊕ , (D.27)
which together with the transformations given in (D.18),(D.20),(D.21),(D.23),(D.24) can
be generalized to arbitrary spin s plane wave massless field Ξs in a straightforward way
[Ξs, D] = (r0(D) + 1)Ξs , (D.28)
[Ξs, C
iˆ
(2)] = (r0(C
iˆ) + ifxiˆe−ifx
+
)Ξs + e
−ifx+(
∂kˆ
∂+
+ ifxkˆ)[Ξs,M
iˆkˆ] , (D.29)
[Ξs, K
−
(2)] = (r0(K
−) + x− − s
2
∂+
)Ξs + x
iˆ ∂
jˆ
∂+
[
Ξs,M
iˆjˆ] . (D.30)
The transformations rules for the physical fields of SYM theory φM , Aiˆ, ψ˜⊕ are obtainable
from these transformation by respective setting s = 0, s = 1, s = 1/2. The bracket
[Ξs,M
ij ] denotes transformation of spin s field Ξs under action of spin part of generator
of so(2) algebra J iˆjˆ . For instance for spin s = 0 scalar field [φ,M iˆjˆ] = 0, while for spin
s = 1/2 fermionic field [ψ˜⊕,M iˆjˆ ] = 1
2
γ iˆjˆψ˜⊕. Light cone gauge transformations rules of the
spin s field Ξs under action of the generators P
+, T iˆ, C(2) takes the same form as for the
fields of SYM theory (see (D.5),(D.6),(D.19)). Light cone gauge equations motion for the
field Ξs also take a simplified form ✷Ξs = 0 (with ✷ given in (7.7)) .
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